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1. INTRODUCTION

We model the situation where the
of a group, such as a salesforce,
whose performance is sub-par are

productivity of members
is periodically evaluated; those
dismissed and replaced by new

members. Individual productivity is modeled as a random vari-

able, the distribution of which is a

function of an unknown pa-

rameter. This parameter varies across the members of the group

and is specified by a prior
erogeneity in the
the situation as a partially observable
trol problem, and use dynamic programming t

distribution. In this manner, the het-
group is explicitly accounted for. We model
(Bayesian) stochastic con-
echniques and the

appropriate optimality equations to obtain solutions. We prove

the existence of an optimal policy in
for the case when the sales process

the general case. Further,
can be characterized by a

Beta-Binomial or & Gamma-Poisson distribution, we show that

a given
that in [CLR]. A complete version of
from the first author.

I1. MODEL FORMULATION

threshold type at each evaluation
on the accumulated performance up to

eriod. The work that we present here is motivated by
[p this paper can be obtained

We assume that each salesperson is characterized by a pro-
ductivity parameter 6, at time &. The sales level achieved by a

salesperson is assumed to be either
random variable. If the sales level is
represent the probability mass

a discrete or a continuous
discrete then let fi(y | 64)
function that the salesperson with

roductivity level 6 will achieve sales of y units in time period .
£ the sales level is continuous fi(y | 6) represents the analagous

probability density function. For simplicity,

we assume that the

sales environment and the salesperson’s productivity are static,

ie.,

fy | 6:) = f(y160), 6:=6, Vvt

We assume that the expected sales in any given period are uni-
formly bounded, i.e., for Y; the (random) variable denoting sales

in period t we assume that E[Y;
M > 0, for all § € ©. The parameter
However, the firm has a prior
Go(6) on the value of 8. The
by the salesperson;
is contained in the history
Using these observations,

| 8] < M, for some constant
¢ is unknown to the firm.
distribution with density function
firm observes the sales achieved
all information available to the firm about 6
of sales achieved by the salesperson.
the firm updates Go(8) at the begin-

ning of each period to obtain an estimate of the salesperson’s

productivity. Based
retain or replace the salesperson.
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When the salesperson is replaced or retires, the firm incurs
a cost C. When a firm replaces a salesperson with a new sales-
person, the new salesperson’s productivity parameter is again
assumed to have a prior density function Go(f). We assume
that each salesperson has a maximum finite lifetime N within
the organization, and that the firm has an infinite lifetime.

We model the decision problem as a partially observable
Bayesian stochastic control problem. The (partially ob-
gervable) state variable is defined to be the pair (6,T:), where
T, is the time the salesperson has been in service and 8 is the
value of the productivity parameter at time ¢. The variable T
takes values in the the range {0,1,...,N} while 8, takes val-
ues in some parameter space ©, which depends on the choice of
distribution fi(- | ).

By assumption, we have the following state transition equa-
tions:

(1)

Tip1 = {

Note that the state variable Ti

6.

9, Vi;

T,+1, ifTy<Nand the salesperson is not fired.
0, otherwise.
(2)

is reset to 0 every time a sales-
person is fired or retires. The decision alternatives available to
the firm at the beginning of a time period are: a) fire the sales-
person and replace him with a new salesperson; or b) retain the
salesperson. Let U, to be the decision taken by the firm at the

beginning of time period .
_f1, ifthe salesperson is replaced ;
Ui = {0, otherwise. , ®)

Let the contribution margin per unit of sales be m. Then
the expected one-stage reward or profit obtained by the firm is

m [ uf(y160) v, if Up = 0;
—C+m fo [ uf(y|6)Go(6) dydd, ifUr=1;

X 4)
where 0, represents the estimated value of @ for the present
salesperson {. Note that since @ is not observable, the true
gxpected reward cannot be computed. Therefore an estimate
6, of the parameter value is obtained using all the available
data and used to compute r(8;,U;), the estimate of the ex-
pected reward. Denote the sales history of the salesperson by
Y® .= (11,Ys,...,Ya). Given that our state variable includes
Ty, we can restrict attention to stationary admissible policies, de-
fined as maps 7 : (Y%, Ty) — {0,1}; which prescribe the actions
to be taken by the firm at different times, given the available
information.

Assume that the firm uses a policy 7 € I, where II is the
set of admissible policies. Let R™ and L* be the expected sales
achieved during a lifetime and the expected lifetime respectively
for a salesperson randomly drawn from the population. The
firm’s objective is assumed to be that of maximizing average

productivity, i.e.,
maz .

Equation (1) to (5) describes our model.

(6, U) = {

mR*-C

LT (5)



III. BAYESIAN OPTIMAL DECISION PROCESS

The stochastic decision problem with incomplete (or partial)
state information defined above can be converted into an equiva-
lent problem with a completely observed state by replacing 8, by
a sufficient statistic, obtained using the observed sales ajxieved
by the salesperson (see [AOK], [ABFGI\/{J). Let p(6 | Y™) denote
the posterior probability distribution of 8 given the observations
Y™ The sufficient statistic for 8 at time n is defined to be a
vector B, such that p(6 ‘[ Y™) = p(6 | Br), i.e., the posterior
probability distribution of 8 given Y™ only depends on the vec-
tor Bn. Further, let B, be the parameter of the prior distribution
for new salespersons Go(8). Therefore, the decision taken at the
beginning of the nth period depends on past observations only as
summarized in §,, and consequently we can use 3, to infer the
expected reward in (4). Thus, an equivalent completely observ-
able decision process can be formulated in terms of the (8g;, T,),
which is taken as the new state variable. Note that when a sales-
person is replaced, the state X7, := (87;,T}) regenerates to the

value (Bo,0). In the sequel, we study such an equivalent formu-
lation, giving complete specifications of {8,} for two different
cases. In this context (equivalent) admissible policies are maps
7 : X1, — {0,1}, we will continue to denote the set of all such
equivafent admissible policies by II.

Theorem 1: For a given policy 7 € I, the average profits over
the lifetime of the firm equal the average productivity of the
salesforce, i.e.,

.
. 1 mR™ - C
dim T }O{Zr(ﬂn,m)} =% ©

t=0

where E}o{} is the expectation operator induced by = € II
with initial state X.

Given the above, we will pose the problem as a controlled
Markov process with state X7;, and a long-run expected average
reward criterion [ABFGM).

Theorem 2: There exists an optimal stationary policy which
maximizes the average productivity of the salesperson.

In order to enable us to characterize the structure of the op-
timal policy, we assume that Go(8) is a conjugate distribution,
ie., the distribution on # remains in the same family of dis-
tributions after it is updated using Bayes’ Theorem. Thus, an
m-dimensional vector 8, = (8}, 82,..., 8™) can be used to rep-
resent the sufficient statistic. 'Furthermore Br, and thus Go(6),
can be recursively updated by using the observed sales history
Y™ and Bayes’ Theorem [AOK]. Standard results exist in the lit-
erature for the posterior distributions of many of these conjugate
distributions (see [DGRY]). For example, if (4?, %) represent the
parameters of the Beta distribution and the sales process is Bi-
nomial with parameters M and 6, then the posterior distribution
only depends on the total sales and the value of T;. Here M gives
the maximum possible sales in a period, and 6 the probability of
closing a sale in each case. The formula for the updating in this
case is given as follows.

Case I: Beta/Binomial.

Bo=Bs+2n;  Bl=pi+nM -2,

Similarly, if the sales process is Poisson with parameter 6, and
the prior distribution is given by a Gamma distribution, with
shape and the scale parameters (3!, B?). The formula for the
updating in this case is given as follows.

Case II: Gamma-Poisson.

Ba=Bs+2n Bi=PBi+n

Thus, we see that the cumulative sales (Zn) and the peri-
ods that the salesperson has been in service (n), serves as the
sufficient statistic for both these cases.

IV. OPTIMAL POLICY CHARACTERIZATION

We now consider the special cases when the sales are either
Binomial or Poisson and the corresponding prior distribution is
Beta or Gamma respectively. We show that the optimal policy is
of a threshold type. First, we recall that the conditional density
G(- | ¢) is said to increase in likelihood ratios as ¢ increases if

g{él%% increases for ¢; > ¢, (see [ROSS83, p. 146).

Lemma 1: For both the Beta-Binomial and the Gamma-Poisson
case, the posterior density of 8 increases in likelihood ratio as the
cumulative sales Z increases.

Lemma 2: For both the Beta-Binomial and the Gamma-Poisson
case, we have that

[ S st 16)66 1 )0

increases as the cumulative sales Z increases. In other worfis,
the expected production in a period increases as the cumulative
sales achieved by a salesperson in n periods increases.

Lemma 3: For both the Beta-Binomial and the Gamma-Poisson
case, the posterior density of § decreases in likelihood ratio as the
number of periods n a salesperson has been in service increases.

Lemma 4: For both the Beta-Binomial and the Gamma-Poisson
case, we have that

[ S usw166@ 1 pr)id
y

decreases in n. In other words, the expected production in a
period decreases as the number of periods taken by a salesperson
to achieve a given level of cumulative sales increases.

Theorem 3: For both the Beta-Binomial and the Gamma-
Poisson, the optimal policy n* is:

. _ e _ | 0 (Retain) if Zg, > cfy;
() =Ui = { 1, (Replace) otherwise.

where ¢f i = 1,2...N — 1 are constants such that ¢} < ¢} <

*
.fecyv,y
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