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SUMMARY

We consider a stochastic adaptive control problem where
complete state information is not available to the controller. The
system is modelled as a finite stochastic automaton (FSA) [PAZ],
[DOB]. These models are a slight generalization of the more
common partially observable controlled Markov chain models as
presented in, e.g. [BE], [KV]. A controlled FSA is described
by the quintuplet (X,Y,U,{P(y | u) : (y,u) € Y x U}, c};
here X = {1,2,...,Nx} is the finite set of internal states, Y =
{1,2,..., Ny} is the set of observations (or messages), U =
{1,2,..., Ny} is the set of decisions (or controls), and c(:,") is
the one-stage cost function. For each pair (y,u) € Y x U, we
have that P(y | u) := [pij(y | u)] is a Nx x Nx matrix, such
that
Ny Nx
S 3 pslw =1, VieXuel.

y=1;5=1

pij(ylu)20,

If at time ¢ the automaton is in state X; = ¢ and decision U, = u
is made, then by the beginning of the next decision time the
automaton would have evolved to state X4 = j, and output a
message Yi41 = y with probability p; j(y | u). The cost incurred
in this process is c(1,7). We refer to [ABFGM], [DOB], [PAZ)
for more details.

At decision time ¢, the information available to the decision-
maker is

It = {po, Uo,Yl, U], . ,Uz_l,y':} = (It—l’ Ul—]a )/i)!

where po € Sny := {p € R™ | p®¥ > 0,3, p = 1} is the
initial state distribution. It is well known that the partially
observable optimal control problem for a FSA, under several
optimality criteria, can be transformed into an equivalent com-
pletely observable problem, in terms of an information state pro-
cess [ABFGM], [BE], [KV], as follows. Given po € Sny , compute
recursively

prr = T(Yes1,p0,Ud)s teNN,

where, Ply | w)
ylu)p
T(y,p,u): TP(y Tu)p
here we have 1 = (1,1,...,1)". The process {p:} is a controlled
Markov chain and equals the conditional distribution of the in-
ternal state X, given I, [ABFGM], [BE]. The “new” state is then
taken as the process {p:}.
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A (stationary separated) policy w is a rule for making de-
cisions, based on {p(}, i.e. ™ : SNy — U, and Uy = x(p:). The
stochastic optimal control problem of interest to us is that of
finding a policy 7*, optimal with respect to the long-run ex-
pected average cost (AC) performance criterion, which for a
given policy 7 and initial state distribution py € Sny is given as

N-1
S -
J(po; ) = ,&’_T,"”O'NEPO{Z c(pt,Ut)},

=0

where &(p, u) := p'(c(1,u),. .. ,c(Nx,u))'. The infinite horizon
optimal control problem for FSA under an AC criterion has been
studied by the authors and others [ABFGM]. Since the state
space SNy is a general (Borel) space, then this problem can
be thought of as falling into the realm of completely observ-
able controlled Markov processes (CMP), with general (Borel)
state space, c.f. [ABFGM]. However, the problem with partial
information has a very rich structure which is not fully utilized
by following the latter approach [ABFGM], [BE], [FAM1], [FG].
Furthermore, many of the assumptions used in the literature on
the AC control problem for general state space CMP require
some form of strong ergodicity for the controlled process {p:},
under all stationary control policies. This is not satisfied for
many applications of much interest, c.f. [FAM1]. Hence the idea
of viewing the (equivalent) FSA problem as a general state space
completely observable CMP very often is not advantageous at
all, for many purposes. This is especially true for the case of
parametric adaptive control of FSA. In this situation, the model
depends on some unknown parameter 6, which we denote as
Py, (y | u); the parameter takes values in some (Borel) parame-
ter space ©. Hence, the true conditional probability depends on
this parameter, i.e.:

Pty1 = T(Yi41,Pt, Uy ).

Therefore, since the true value of the parameter is unknown to
the controller, {p;} cannot be computed and thus the equivalent
problem is not completely observable anymore.

Although a very interesting problem with much potential
for applications [BDO], [BTE], [FAM2], (WAK] there is very
little available in the literature concerning the adaptive con-
trol of FSA. Recently, the above adaptive control problem has
been studied by the authors [FAM2], [FG]. In [FAM2], a com-
plete analysis for a particular case study has been reported; the
methodology used has been generalized in [FG] as follows: we
adopt an “enforced certainty equivalence” approach which in-
volves recursively computing estimates {ét} of the unknown pa-
rameter, and using at each decision time the latest available
estimate to compute

Per1 = T(Yeq1, B0, Uis 81),  Bo = po. (1)

We assume that the solution to the stochastic optimal con-
trol problem is known, for each § € ©, which is expressed as
follows; see [ABFGM], [BE], [KV].
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Assumption A.l: For each 8, there is a bounded solution
(pg, he), with p§ € R, to the corresponding average cost opti-
mality equation (ACOE)

po + he(p) = g}g’g{f(p,u) + Y 1Py |u)p ho(T(y,p,u))}-
yeEY

Under the above assumption, there exists a set of optimal poli-
cies OP = {n*(- ;0)}0ee , see [ABFGM]. The certainty equiva-
lent adaptive policy is given as follows.

oo

o Adaptive Policy: Given a sequence of estimates {é¢}2=0

of 8y, compute the control action at each time ¢ by
U = W*(ﬁt;ét) s
where p, is computed recursively using (1).

The above adaptive policy will be denoted by #®. Under a set of
assumptions, it was shown in [FG] that the adaptive policy m® is
self-optimizing with respect to the AC criterion, i.e. it achieves
the same asymptotic average performance as the optimal policy
7*(-;60) € OP corresponding to the true parameter. The other
assumptions used in [FG] are the following.

Assumption A.2: The parameter set © is compact; (p5, ho)
are continuous and bounded, both in p and in 6.

Assumption A.3: Py(y | u) is continuous in 6, for each (y, u) €
Y xU.

Assumption A.5: We have that p, 2 Po in probability, for
all Po.

We can now prove our main result.

Theorem: Under Assumptions A.1-A.5, ¢ is self-optimizing
with respect to the AC criterion.

Proof: Let ®g4(-,-) denote Mandl’s discrepancy function, cor-
responding to the parameter value § € O, i.e. for p € Sy, and
u € U (see [ABFGM], [FAM1))

Bo(p,u) :=E(p,u)+ Y 1'Poly | w)p ha(T(y, p, ;8)) — ps—ha(p).
yeY

Then by the assumptions made, ®4(p, u) is continuous in both
p € Sny and § € O. Furthermore, since O is compact, then
®¢(p, u) is uniformly continuous and bounded in (p, ) € Sy, x
©, and thus @, (p¢,u) is uniformly integrable, for each u € U.
Therefore, for each u € U, we have

—00

E:: {I‘I’é‘(ﬁn u) — q’ao(pt,u)l} — 0,
and since U is finite, then
E;:{Qﬁo(Ph”'(ﬁi?ét))} wd 0, (2)

where we used the fact that &, (5, 7(p1; 8¢)) = 0, since (- ; 9) €
OP minimizes the corresponding ACOE, for the parameter value
6 € ©. The result then follows from (2); see [ABFGM, Theorem
6.3). o
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Let us briefly examine the assumptions used in deriving
the result above. Verifiable conditions on the model specifica-
tions exist in the literature that imply Assumption A.1 holds
[ABFGM], [FAM1]. Assumption A.3 is easy to verify, and holds
trivially if the parameterization of the model is taken in terms of
the entire matrices Py(y | u). Assumption A.4 depends on the
parameter estimation scheme used, and is very problem-specific
[FAM2]. The continuity required in Assumption A.2 depends
to a large extent on the continuity required in Assumption A.3,
and on some ergodic properties of the model [FAM2). Finally, it
is clear that even if Assumptions A.1-A.4 hold, it may be the
case that Assumption A.5 does not. Under continuity with re-
spect to the parameterization, and in the presence of converging
parameter estimates, this last assumption will hold if there is
some type of, e.g. regenerative behavior for the processes {p:}
and {p,}, such that at some times both processes are reset to
the same value. This type of behavior occurs naturally in some
inventory, queueing and machine replacement problems [BE],
[ABFGM), [FAM2].
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