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1. Introduction

There are numerous applications, in many dif-
ferent fields, of denumerable controlled Markov chain
(CMC) models with an infinite planning horizon; see
Bertsekas (1987), Ephremides and Verdd (1989), Ross
(1983), Stidham and Weber (1993), Tijms (1986).

We consider the stochastic control problem of
maximizing average rewards in the long-run, for denu-
merable CMC. Departing from the most common po-
sition which uses ezpected values of rewards, we focus
on a sample path analysis of the stream of states and
actions. Under a Lyapunov function condition, we
show that stationary policies obtained from the aver-
age reward optimality equation are not only expected
average reward optimal, but indeed sample path aver-
age reward optimal. For a summary of similar results,
but under a different set of conditions as those used
here, see Arapostathis et al. (1993), Section 5.3.

The paper is organized as follows. In section 2
we present the model. Section 3 defines the stan-
dard stochastic control problem, under an expected
average reward criterion. Section 4 introduces the
sample path optimality average reward criterion, and
the statement of our main result. Technical results
used in the proof of our main result are given in sec-
tion 5. A complete version of this paper will appear in
ZOR.: Methods and Models in Operations Research,
Vol. 41, issue 2, 1995.

2. The Model

We study discrete-time controlled stochastic dy-
namical systems, modeled by CMC described by the
triplet (S, A, P), where the state space S is a denu-
merable set, endowed with the discrete tapology; A
denotes the control or action set, a nonempty com-
pact subset of a metric space. Let K := 8§ x A de-
note the space of state-action pairs. endowed with the
product topology. The evolution of the system is gov-
erned by a collection of stochastic matrices { Pla) =
[p,,y(a)]}aer Le, Pla)is a state transition matrix.
with elements p, ,(a).
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In addition, to assess the performance of the sys-
tem, a measurablet (and passibly unbounded) one-
stage reward function r : K — R is chosen. Thus, at
time ¢t € INg := {0,1,2,...}, the system is observed
to be in some state, say X; = z € S, and a decision
At = a € A is taken. Then a reward r(z,a) is ob-
tained, and by the next decision epoch ¢+ 1, the state
of the system will have evolved to X:y; = y with
probability ps 4(a). Given a Borel space B, let C(B)
denote the set of all real-valued and continuous func-
tions on B. The following continuity assumptions are
standard.

Assumption 2.1: For each z, y € S, Pry(*) E
C(A); furthermore r(-,-) € C(K).

Remark 2.1: We are assuming that all actions
in A are available to the decision-maker, when the
system is at any given state z € S; this is done with
no loss in generality; see Arapostathis et al. (1993),
Section 5.3, and Borkar (1991).

The available information for decision-making at
time ¢t € INg is given by the history of the process
up to that time H; := (Xo, Ao, X1, A1, ..., A1, Xy),
which is a random variable taking values in H;, where

Ho:=S, H,;:=H; ;x(AxS), Hy = (SxA)>,
are the history spaces, endowed with their product
topologies.

An admissible control policy is a (possibly ran-
domized) rule for choosing actions, which may de-
pend on the entire history of the process up to the
present time (H,); see Arapostathis et al. (1993) and
Hernandez-Lerma (1989). Thus, a policy is specified
by a sequence 7 = {m}, N  of stochastic kernels =,
on A given Hy, that is: a) for each h, € Hy, m(- | hy)
is a probability measure on B(A); and b) for each
B € B(A), the map hy — m(B | h;) is measurable.

t Given a topological space W, its Borel o-algebra
will be: denoted by B(W); measurability will always
be understood as Borel measurability henceforth.




The set of all admissible policies will be denoted by IT.
In our subsequent exposition, two classes of policies
will be of particular interest: the stationary deter-
ministic and the stationary randomized policies. A
policy 7 € II is said to be stationary deterministic if
there exists a decision function f : S — A such that
A; = f(z) is the action prescribed by 7 at time ¢, if
X, = z. The set of all stationary deterministic poli-
cies is denoted as IIsp. On the other hand, a policy
7 € I is said to be a stationary randomized policy if
there exists a stochastic kernel 7 on A given S, such
that for each B € B(A), v(B | X;) is the probability
of the event [A, € B], given Hy = (He—1, A1, X1).
The class of all stationary randomized policies is de-
noted by Msg; 7 € Mgp or 7' € Hsg will be equiva-
lently identified by the appropriate decision function
f or stochastic kernel v, respectively.

Given the the initial state X = z, and a policy
7 € II, the corresponding state, action and history
processes, {X.}, {A:} and {H,} respectively, are ran-
dom processes defined on the canonical probability
space (Hoo, B(Hoo),PJ) via the projections Xi(hoo)
=2y, Ay(hoo) := a¢ and He(hoo) = hy, foreach hoy =
(z,a0,...,21,0¢,...) € He, where PI is uniquely
determined; see Arapostathis et al. (1993), Bert-
sekas/Shreve (1978), Hinderer (1970), Herndndez
Lerma (1989). The corresponding expectation oper-
ator is denoted by IEJ. The following notation will
also be used in the sequel: given Borel spaces B and
D (see Arapostathis et al. (1993)), then a) IP(B)
denotes the set of all probability measures on B; b)
IP(B | D) denotes the set of all stochastic kernels on
B given D.

3. The Stochastic Control Problem

Our interest is in measuring the performance of
the system in the long run, i.e., after a steady state
regime has been reached. A commonly used criterion
for this purpose is the erpected long-run average re-
ward, where the stochastic nature of the stream of
rewards is itself averaged by the use of expected val-
ues; see Arapostathis et al. (1993). Thus, we have
the following definition. )

Ezpected Average Reward (EAR): The long-run ex-
pected average reward obtained by using 7 € II, when
the initial state of the system is z € S, is given by

N
T 1 x
Iz, m) = liminf £ B [gr(xt,A,)], (3.1)

and the optimal expected average reward is defined
as

J*(z) = fgﬁ{.](z, 7}

A policy 7* € I is said to be EAR optimal if J(z, 7*)
= J*(z), for all z € S.

(3.2)
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Our analysis will be carried out under the follow-
ing asumption, which among other things guarantees
that the expected value in (3.1) above is well defined,
and that EAR optimal stationary policies exist.

Assumption 3.1: Lyapunov Function
Condition (LFC). There exists a function £ :
S — [0,00), and a fized state z* such that:

(i) For each (z,a) €K,

14 | r(z,0) | + Y poy(a)l(y) < Uz);
y#z*

(i) For each z € S, the mapping f — EL{¢(X,)} =
2 ves Py (f(2))€(y), is continuous in f € Ilsp;
(#i1) For each f € Ilsp and z € S,

EL{¢(X)1[T > n]} =0,

where T := min{m > 0 { X, = z*} is the first pas-
sage time to state z*, and 1[A] denotes the indicator
function for the event A. o

The LFC was introduced by Foster (1953) for
noncontrolled Markov Chains, and by Hordijk (1974)
for CMC, and has been extensively used in the study
of denumerable CMC with an EAR criterion; see Ara-
postathis et al. (1993), Section 5.2. Furthermore,
Cavazos-Cadena and Hernandez-Lerma (1992) have
shown its equivalence, under additional conditions,
to several other stability/ergodicity conditions on the
transition law of the system. There are two main
results derived under the LFC: a) EAR optimal sta-
tionary policies are shown to exist, and such policies
can be obtained as minimizers in the EAR optimality
equation (EAROE); and b) an ergodic structure is in-
duced in the stream of states/rewards. We sumarize
these well known results in the two lemmas below.

Lemma 3.1: Under Assumptions 2.1-3.1, there
exist p* € R and h : S — R such that the following
holds:.

(1) J*(z) =p", V2 ES;

(i) |h()l < (1 +£(z)) - £();

(iii) The pair (p*, k(")) is a (possibly unbounded) so-
lution to the EAROE, i.e,

p" +h(z) = sup [r(z,8) + D pey(a)h(y)], Vz €S;

y€ES
(3.3)
(#v) For each z € S, the term within brackets in (3.3)
is a continuous function of a € A, and thus it has
a maximizer f*(z) € A. Moreover, the policy fre
IIsp thus prescribed is EAR optimal.

Lemma 3.2: Let Assumption 3.1 hold.
(i) Let z € S and 7 € IT be arbitrary. Then:
1




(#) Let € S and x € II be arbitrary. Then, for T
as in Assumption 3.1,

1<E] [T] < {(z).
In particular, for every stationary policy f € Igp,

the Markov chain induced by f has a unique invariant
distribution ¢y € IP(S), such that:

o 1 1 )
9 (%) = Ef‘_[?]'z {z) >0

moreover, the mapping f — g¢y(2*) is continuous on
f €Msp.
(#i1) For each f € IIgp, the following holds:

— B3 (X, SO — T 0w £),
=0 ves
and, P/ ~ a.s.,
1 n
— gr(X:,f(X:)) — ,,EZS"’(”)'(”’ £¥))-

(iv) Let v € Msg. The Markov chain induced by ¥
has a unique invariant distribution ¢, € IP(S), and:

1
n+1

Y awr(v),

n
Ez [Z T(Xg s Ag)] "‘:::o
t=0 yes

and

1 n
T 2y "0 A 2 D), P~ e,
= y

where

r(y) = /A r(y,a)y(da | z).

(v) Let W € C(K) be such that |W| < |r|+ L, for
some positive constant L. Then (L+1)-£(-) is a Lya-
punov function corresponding to W, i.e., it satisfies
Assumption 3.1, with W(.,-) taken as the one-stage
reward function. Furthermore, there exist pj, € R
and hw : S — R such that:

Pw +hw(z) = sup[W(z,a) + 3 poy(a)hw (y)],
s€A ves

Yz € S, that is, {p}y,hw(-)) is a solution to the
EAROE, for the CMC with reward function W(-, ).

Remark 3.1: The result in Lemma 3.2(i) is due to
Hordijk (1974); see also Cavazos-Cadena (1992). For
the results in Lemma 3.2(ii), see Lernma 5.3 and the
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equivalence between conditions L, and Lj in Cavazos-
Cadena and Hernandez-Lerma (1992); see also Theo-
rem 5.8 in Arapostathis et al. (1993). On the other
hand, the convergence results in (iii) and (iv) can be
easily derived by using the theory of (delayed) renewal
reward processes; see Theorem 3.16 and the remarks
on pp. 53-54 in Ross (1970). Finally, by applying
Lemma 3.1 to the reward function W(-,-), the result
in Lemma 3.2(v) follows immediately.

4. Sample Path Optimality

The EAR criterion of (3.1)-(3.2) is commonly
used as an approximation of undiscounted optimiza-
tion problems when the planning horizon is very long.
However, this criterion can be grossly underselective,
in that the finite horizon behavior of the stream of
costs is completely neglected. Moreover, it can be
the case that EAR optimal policies not only fail to
induce a desirable (long) finite horizon performance,
but that the petformance actually degrades as the
horizon increases; see examples of this pathology in
Flynn (1980). Thus, stronger EAR criteria have been
considered, see Arapostathis et al. (1993), Cavazos-
Cadena and Fernandez-Gaucherand (1993), Dynkin
and Yushkevich (1979), Flynn (1980) and Ghosh and
Marcus (1992). Also, weighted criteria, which intro-
duce sensitivity to both finite and asymptotic be-
haviour, have been recently introduced, see Fernandez
Gaucherand et al. (1994), and references therein.

If there exist a bounded solution (p, k(-)) to the
optimality equation, i.e., with h(-) a bounded func-
tion, then EAR stationary optimal policies derived
as maximizers in the optimality equation have been
shown to be also (strong) average optimal and sample
path optimal, i.e., the long-run average of rewards
along almost all sample paths is optimal; see Arapos-
tahis et al. (1993), Dynkin and Yushkevich (1979),
Georgin (1978), and Yushkevich (1973). Undoubtely,
sample path average reward (SPAR) optimality is a
much more desirable property than just EAR opti-
mality, since a policy has to actually be used by the
decision-maker along nature’s selected samnple path.
However, bounded solutions to the optimality equa-
tion necessarily impose very restrictive conditions on
the ergodic structure of the controlled chain; see Ara-
postathis et al. (1993), Cavazos-Cadena (1991), and
Fernandez-Gaucherand et al. (1990). Under the con-
ditions used in this paper, the solutions to the opti-
mality equation obtained in Lemma 3.1 are possibly
unbounded. For similar results, but under a different.
set of conditions as those used here, sce the summary
in Arapostathis et al. (1993), Section 5.3.

After precisely defining SPAR optimality (see
also Arapostathis et al. (1993)) we show in the sequel
the SPAR. optimality of the EAR. optimal stationary
policies in Lemma 3.1(iv).




Sample Path Average Reward (SPAR): The long-run

sample path average reward obtained by 7 € II, when
the initial state of the system is z € S, is given by

N

S YR A,

t=0

(4.1)

Js(z,7) = liminf
N—=oo

A policy 7 € IT is said to be SPAR, optimal if there
exists a constant 7 such that for all z € S we have
that:

Js(z,®)=p, P —as.,

while, forallr € Il and z € S,

Js(z,®)<p, P;—as.
The constant 5 is the optimal sample path average
reward.

We present next our main result, showing the
SPAR optimality of the EAR optimal stationary pol-
icy obtained in Lemma 3.1(iv); some technical pre-
liminaries are given in the next section.

Theorem 4.1: Let Assumptions 2.1 and 3.1 hold.
Let f* and p* be as in Lemma 3.1. Then:

(i) f* is SPAR optimal, and p* is the optimal sample
path average reward.

(#) For all v € IIsg, we have that

N
Ef‘(x;,A;) S p., 7-’;! —a.s..

lzm su !
p N l t=0

Remark 4.1: According to the above result, re-
gardless of the initial state z € S and policy = € I
being used, with probability 1 the limit inferior of
the sample average reward over N periods does not
exceed p*, the ezpected average reward. Moreover:

N

1
lim ———

N—oo N 4+ T(X"Af) =P‘, Pa':f. —a.s.,

t=0

and the limit inferior and the limit superior of sample
path average rewards lead to the same optimal policy
and optimal value, when the optimization is restricted
to only policies in IIgg.

5. Preliminaries

This section contains some technical results that
are used to prove Theorem 4.1. The next dominated
convergence result is similar to that in Proposition 18,
p. 232 of Royden (1968), although the latter requires
stronger assumptions.
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Lemma 5.1: Let {vn} C IP(K) be a sequence
converging weakly to v € IP(K). Let R € C(K) be a
nonnegative function such that:

/ Rdv, — Rdu < 00.
n—00

Then, for each C € C(K) satisfying |C(-)| < R(-). it
follows that:

/ Cdv, — Cdu
n—00

Definition 5.1: Let p} be the optimal EAR as-
sociated with the reward function |r|, and set

6:= sup {1-qs(z7)}, (5.1)
Jellsp

where g;(-) is as in Lemma 3.2; notice that 0 < 6 <1,
by Lemma 3.2(ii). Next, define L € R as

- Pl
L=1+71"7% (5.2)
and R € C(K) as
ir(z,a)|+ L, z#z",a€A;
R(z,a) := (5.3)
Ir(z,a)l, z=2z2"a€A.

The function R defined above plays an important role
in the proof of Theorem 4.1. The following result is
also be very useful.

Lemma 5.2: Let p} be the optimal EAR corre-
sponding to the reward function R. Then pg < L.

Definition 5.2: The sequence of state and ac-
tion empirical measures {vn} C IP(K) is computed
as follows: for each pair of Borel sets G € B(S) and
B e B(A), let

va(G x B) =n——EI[X,€GA,eB] n € No.

t=0

Remark 5.1: Notice that {v,} is an stochastic
process, adapted to the filtration {a(H,,,A,,)}, and
that v, € IP(K). Also, for each W : K — IR, we have
that

n

W(Xy, Ay) = /K Wdv,.  (54)

t=0

Next, let S := SU{oo} be the one-point compact-
ification of S, and observe that v, can be naturally
considered as an element of IP(S x A). Since S x A is
compact, then {v,} is a tight sequence in IP(S x A).




The following result, summarized from Borkar (1991),
Chapter 5, describes the asymptotic behavior of the
sequence of empirical measures; see also Arapostathis
et al. (1993), Section 5.3.

Lemma 5.3: Let z € S, and 7 € II be arbitrary.
Then the following holds for PZ-almost all sample
paths: If » € IP(S x A) is a limit point of {1}, then
v can be written as

v=(1-a)p; + aps, (5.5)

where 0 < a < 1, and 1, gz € IP(S x A) satisfy the
following:

(8) p1(S x A) =1 = pa({o0} x A);

(i?) p; can be decomposed as

m({y} x B) =H(y) - 7(B | v), (5-6)

for each y € S and B € B(A), where f € IP(S) and
v€P(A]S);

(i) if 7@ and v are as in (5.6), then 7 is the unique
invariant distribution of the Markov chain induced by
v, when v is viewed as a policy in IIgg. Thus, we have
that 7 = ¢y, using the notation in Lemma 3.2.

Now, let R(,-) be the function in Definition 5.1,
and recall that (L + 1)£(-) is a Lyapunov function for
R(.,-). Let p; € R and hgr : S — R be a solution
to the EAROE corresponding to the reward function
R(-,), e,

prt+hr(z) = ng[R(t,a)+z pry(a)hr(y)],Vz € S;
a yes

recall that such a solution exists, by Lemma 3.1. Fur-
thermore, by Lemma 3.2 we obtain that

1

n—ﬁm, (hR(Xn)] 0, VzeSmell (57)

Next, define Mandl’s discrepancy function & : K —
[0,0), by (see Arapostathis et al. (1993), Hernéndez-
Lerma (1989))

®(2,0) = pg + ha(z) = R(z,0) = ) poy(a)hr(y),
y€eS

¥(z,a) € K. Note that ®(z,a) > 0, for all (z,a) € K

and that ®(z,a) = 0 if and only if the action a € A

attains the maximum in the EAROE. With the above

definitions, standard arguments show that for each

n€WNp, z€8S,and r€

- hR(.l')_ 1
pR+n+1 n+1

B2 (S0 R(X, 40 + 80X, Al
t=0

+ n_}»TEI [An(Xat]

= IET [/K(R+ ®)dv, |

+ n—ilE; [hR(Xn-H]a
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where the second equality follows from (5.4). Then,
we have that (5.7) yields

Ex / (R+®)dva| — pr. (58)
K n—00
In particular, for any policy ¥ € Ilgg,
B[/ (R+8)n] — s
K 7 —00
=Y oW (Fw+ew),
v€ES
(5.9)

where
R'(y) = /K R(z,a)y(da |z), z €S,

with a similar definition for 7. The following tech-
nical result is also used in the proof of Theorenr 4.1.

Theorem 5.1: Let z € S and 7 € II be arbi-
trary. Then for P]-almost all sample paths {X,(h,),
At(heo)}, hoo € Hoo, there exists a sequence {ny} C
N, with n; — co as k — oo, such that the following
holds:

(i) {¥n,} converges weakly to v € IP(K);

(#)
/(R+(I>)dunk — /(R+ d)dv.  (5.10)
K M=o S

O

Remark 5.2: Note that Theorem 5.1(i) says that
v € P(K) = IP(S x A), a stronger assertion than
veIP(K) = P(S x A).
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