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1. Introduction

We study discrete-time controlled stochastic sys-
tems, modeled by controlled Makov chains (CMC)
with denumerable state space and compact actions
space, and with an infinite planning horizon. One op-
timality criterion often used is the long-run expected
average cost (AC); see [1]. A classical approach to
study AC optimality consists in formulating the AC
case as a limit of the discounted cost (DC) case, as the
discount factor increases to 1, i.e., as the discounting
effect vanishes. This approach has been rekindled in
recent years, with the introduction by Sennott and
others of conditions under which AC optimal sta-
tionary policies are shown to exist [4)-[5], [9], [16],
(19], [20]-(22], [18]; see also [1], [7]. However, the AC
criterion is a rather underselective criterion, since it
completely neglects the finite-time evolution of the
state/cost process [1], [11]. Therefore, it is of much
theoretical and practical interest to obtain conditions
under which stonger results than AC optimality can
be obtained.

Our main interest in this paper is to study the
relation between the notions of AC optimality and
strong average cost (SAC) optimality. The latter cri-
terion is introduced to asses the performance of a pol-
icy over long but finite horizons, as well as in the
long-run average sense. We show that for bounded
one-stage cost functions, Sennott’s conditions are suf-
ficient to guarantee that every AC optimal policy is
also SAC optimal. On the other hand, a detailed
counterexample 1s given that shows that the latter
result does not extend to the case of unbounded cost
functions.

The paper is organized as follows. In section 2
the model is presented. Section 3 defines the stochas-
tic control problem, with an expected average cost
criterion. Section 4 introduces the strong average op-
timality criterion. In section 5, the case of bounded
cost functions is studied, while unbounded costs are
treated in section 6. A complete version of this paper
may be obtained from the second author.
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2. The Model

We study controlled Markov chains (CMC) de-
scribed by the four-tuples (S, U, U, p), where the state
space S is a denumerable set, endowed with the dis-
crete topology; the metric space U denotes the con-
trol or action set. Furthermore, for each ¢ € S, a
nonempty compact set H{(z) C U specifies the ad-
missible actions when the system is in state z. Let
K := {(z,u)|z € S,u € U(z)} denote the space of
admissible state-action pairs, which is considered as
a topological subspace of S x U. The state transition
law is given by p : (z,y,u) +— pzy(u), an stochastic
kernel on S given K; see [1], [15].

In addition, to assess the performance of the sys-
tem, a measurablet (and possibly unbounded) one-
stage cost function ¢ : K — R is chosen by the
decision-maker. Thus, at time ¢ € INg := {0, 1,2, ...},
the system is observed to be in some state, say X, =
z € S, and a control/decision U; = u € U(z) is taken.
Then a cost ¢(z, u) is incurred, and by the next con-
trol/decision epoch ¢ + 1, the state of the system will
have evolved to X,41 = y with probability p, ,(u).
The following is an standard assumption.

Assumption 2.1:

(i) For each z, y € S, the mappings u — ¢(z, u) and
u > py y(u) are continuous in u € U(z).

(i) The cost function ¢ : K — R is bounded below.
0

The available information for control at time ¢ €
INg is given by the history of the process up to that
time Ht = (X(), UQ,X],U], coe 1Ut-—lv Xt)» which is a
random process taking values in the history spaces
H,, given by

H, =S, H, =H,_; x K,

and the canonical sample space is given by 1o, :=
(S x U)™; see [1].

t Given a topological space W, its Borel o-algebra
will be denoted by B(W); measurability will be al-
ways understood as Borel measurability henceforth.
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An admissible control policy is a (possibly ran-
domized) rule for choosing actions, which may de-
pend on the entire history of the process H, up to the
present time; see (1] for an extensive discussion. Thus,
a policy is especified by a sequence 7 = {Wt}lGINo of
stochastic kernels 7, on U given H,, such that for
each h, € Hg, m(- | hy) is a probability measure on
B(U), concentrated on U(z). The set of all admissible
policies will be denoted by II. In the sequel, the class
of stationary (deterministic) policies will be of partic-
ular interest. A policy n € Il is said to be stationary
(deterministic) if there exists a control/decision func-
tion f: S — U, such that U; = f(z) € U(z) is the
action prescribed by 7 at time ¢, if X; = z. The set
of all stationary deterministic policies is denoted as
IIsp.

Given the initial state Xg = ¢ € S, and a pol-
icy m € I, the corresponding state /action and history
processes, {X:, Ui} and { H:} respectively, are random
processes defined on the canonical probability space
(ﬂm,B(Qm),P:) via the projections Xi(hoo) := 4,
Uilho) := us and Hi(hoo) := hy, for each hy =
(z,u0,..., &4, us,...) € o, where PJ is uniquely
determined; see[1], (3], [15]. The corresponding ex-
pectation operator is denoted by EJ.

3. Stochastic Optimal Control

Our main interest in this paper is to study the
relation between the notions of AC optimality and
strong average cost (SAC) optimality. The latter cri-
terion is introduced to asses the performance of a pol-
icy over long but finite horizons, as well as in the
long-run average sense. The standard approach [1] to
study the AC stochastic control problem as a limit
of the dicounted cost (DC) problem will be followed.
The criteria that will be used in subsequent develop-
ments are given below.

Discounted Cost (DC): For a discount factor 0 < a <
1, the DC incurred by 7 € Il, when the initial state
of the system is z € S, is given by

Vo(z,7) := nlingo E] I:Z; a‘c(Xt,Ut)J )
and the optimal a-discounted value function is de-
fined as

Vi(z) = :’ZIJ_‘I{VG(:,W)}. (3.1)

A policy # € II is said to be DC optimal, for the
discount factor a, if V,(z,7) = V2 (z), for all z € S.

Under Assumption 3.1 below, V() satisfies Bell-
man’s Optimality Equation (also called the discounted
cost optimality equation (DCOE)), i.e.,

Vi(z) = inf {c(a, u)+az Pey(W)Vi(y)},Vz €S;
u€ll(x) y€eS
(3:2)
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see [1], [2], [3], {15].

Assumption 3.1: For each z € S, V(z) < co.
o

Total Ezpected Cost Over Finite Horizons (FHC):
The total expected cost incurred by the policy = € II
over a planning horizon of n € IN stages, when the
initial state of the system is £ € S, is given by

n-1

Volz, 7)== ET [Z c(x,,U,)] , (3.3)

t=0

and the optimal n-horizon value function is defined
as

Vi(z) = :'le;{v,,(x,w)}. (3.4)

From Assumptions 2.1 and 3.1 if follows that V7 (z)
is finite for each z € S. Moreover, there exists an
n-horizon optimal policy m;, € I, i.e.,

Valz, 7)) = Vi (z), (3.5)

see {1], [2], (3], [15].

Average Cost: The long-run expected average cost ob-
tained by 7 € II, when the initial state of the system
is ¢ € S, is given by

n-1

J(z,m) :=limsup %IE: [E c(X,,U,)], (3.6)
t=0

n—o0
and the optimal expected average cost is defined as

J*(z) = inf {J(z,7)}.

x€ll

(3.7)

A policy 7 € IT is said to be AC optimal if J(z,7) =
J*(z),forallz €S

A classical approach to study average optimal-
ity consists in formulating the AC case as a limit of
the DC case, as @ 1 1, i.e., as the discounting effect
vanishes; see [1] and references therein for a compre-
hensive discussion on the subject. This approach has
been rekindled in recent years, with the introduction
by Sennott and others of conditions under which AC
optimal stationary policies are shown to exist [16],
[14], [20}-[22], [19]; see also [1], [9]. Our analysis will
be carried out under the set of asumptions introduced
by Sennott [20]-[22], which are minimal with respect
to several other competing assumptions; see [9]. In
particular, the assumptions in [13] imply those in [20],
[21]. Hence, in addition to Assumptions 2.1 and 3.1,
the following assumptions will be used in the sequel.



Assumption 3.2:
(i) There exists z* € S, 8 € (0,1), and N € {0,00)
such that for all a € (3,1),

ha(z) = Vi(z) =V (z) > ~N, Yz €S. (3.8)

(ii) There exists a function b : § — [0,00) such that
he(:) < b(-), for all « € (3,1), and furthermore
>y Pry(w)b(y) < oo, for some (z,u) € K. o

The main results deriving from the above as-
sumption are summarized below; for a proof see [1],

(20], (21], [7]
Lemma 3.1: Let

po = (1= a)Vy(2), (3.9)
for a € (0,1). Then under Assumptions 2.1, 3.1-3.2,
the following holds.

(1) There exists p* € R such that

pt=J"(z), Vze€S.
(i) Moreover,
limpy = p~.
lim pa = p

(ii1) There exists h : § — R, with —N < h(-), h() <
b(-) for all z € 8, such that the AC Optimality
Inequality (ACOI) holds:

g inf )[c(z,u) 5 yeggpz,y(u)h(y)].
(3.10)

(iv) Foreach z € S, the term within brackets in (3.10)
is a lower semi-continuous function of u € U(z),
and thus it has a minimizer f*(z) € ¥/ (z). More-
over, any policy f* € IIgp attaining the mini-
mum in the ACOI is AC optimal.

4. Strong Average
Optimality Criterion

Definition 4.1: A policy 7* € II is said to be
strong average cost (SAC) optimal if

[Valz, 7") — Vi (z)] 0. VzeS (41

n+1

Thus, a policy #* € I is SAC optimal if the
difference between the average cost for horizon n in-
curred under 7* and the optimal average cost for hori-
zon n vanishes as n — oo. This property thus ensures
that 7" is a policy inducing good performance for long
but finite horizons, which is indeed a very desirable
property to look for in infinite horizon average opti-
mal policies. Notice that every policy that is SAC
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optimal is also AC optimal, however the opposite is
not necessarily true; see [12], [13]. Therefore, in the
sequel we study the following.

Question: Is an arbitrary AC optimal pol-
icy also SAC optimal under Assumpiions 2.1 and
3.1-3.27

We will show that the answer to the above ques-
tion is affirmative, when the one-stage cost function
is bounded. However, for unbounded cost functions,
a counterexample is provided which shows that the
answer is negative, in general, and in particular for
a policy as in Lemma 3.1(iv). A related study to
the question above is [13], where SAC optimality was
shown for every AC optimal policy, under conditions
stronger than those used in the sequel.

5. Bounded Costs Case

The following result is similar to results in [13],
but here it is proved under a different set of assump-
tions; this result will be fundamental to prove the
main result in this section.

Lemma 5.1: Suppose that the one-stage cost func-
tion ¢(-, ) is (uniformly) bounded in K. Then, under
Assumptions 2.1, 3.1-3.2, the following holds:

Va(z) o

Vz €S. (5.1)

—_—
n+1n-0

Proof: Let 3 € (0,1) be as in Assumption 3.2, and
pick @ € (8,1). The DCOE (3.2) can equivalently be
written as (see [1], [15]),

pa+ ho(z)= inf {c(:c,u)-{-apr,y(u)ha(y)},

uel(z) yes

Yz € S, where ho(-) and p, are as in (3.8) and (3.9),
respectively. Then, for every (z,u) € K it follows
that

po+ ha(2) < e(,u) + & Y pey(uhaly).
yES

(5.2)

Since ¢(+,) is bounded, then

where |lc|| := maz{|c(z,u)||(z,u) € K}, which is
finite by the boundedness assumption. Therefore,
defining Ao (-) :== ho(-)+ NV, with N as in Assumption
3.2, it follows that

0S£a(£)§%+l\’<oo. (5.3)



Moreover, it is not difficult to see that (5.2) is equiv-
alent to the following

~N(1—a)+hs(z) < c(x,u)+aZPz,y(“)ila(y)v
y€S

and since iz() > 0, this last inequality implies that

pa— N1 — )+ ha(z) < c(z,u) + Y pey(wha(y),
y€S

V(z,u) € K. Then, using standard arguments (see [1],
[15], [23], [20), [21]), it follows that

pa—N(—a)+ ’r'l_f- 1) E; [E:;o_:(lxt,Ut)]
E] [ha(Xnt1)]
n+1 ’

for allz € S, m € I, and n € IN. Using the policy 7},
in (3.5), (5.3) and the above inequality yield

ho(z) _ Vi(2) 2|jell
—N(1- <
pa = N(1—0)+ n+l =~ n+1l +(l—a)(n+1)
N
n+1’

and taking the limit inferior in both sides as n — oo,
it follows that

—N(l—a)<11mmf Va(2)

n-—oo 1

and then letting o 7 1, Lemma 3.1(ii) yields that

Vi(=)
<l
pt <liminf 22—+ Y

n—oo 1

(5.4)

Now let f* € IIsp be the policy in Lemma 3.1(iv)
then, Vz € S,

p* + h(z) 2 ez, f*(2) + ) ey (f*(2)h(v)-

y€S

A simple induction argument then gives that

]Ei. [Z?:o C(Xiv Ut)]

ha) o
n+1

n+1~

Ef" [h(Xn41)]
n+1 ’

From the above, together with (3.3), (3.4) and (3.8),
it follows that

7+

h(z) _ Vi(z) N
* > -2 — Vz eSS IN.
Pt f1Z a1l nep TEONE
Therefore, one obtains that
pt > Iz'r‘risot:p Vs -l(~z1) (5.5)
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Thus, the result follows by combining (5.4) and (5.5).
0

The following is the main result of this section,
which gives a positive partial answer to the question
posed in Section 4.

Theorem 5.1: Suppose that the one-stage cost
function ¢(-,-) is (uniformly) bounded in K. Then,
under Assumptions 2.1, 3.1-3.2, every AC optimal
policy is SAC optimal.

Proof: Let #* € II be any average optimal policy.
Hence, for each z € S,

. Valz, ™)

l L= J (=) =T, 5.6
fmoup == ()=»p (5.6)
by Lemma 3.1(i). On the other hand V,(z,7*) >
Vi (), and thus

Vel mt) V(D)
l >1 = p*,
iminf ST 2N

by Lemma 5.1. The last inequality and (5.6) com-

bined give that

Val(z, ") B

, Vres. 5.7
n + 1 n— oo p z € ( )
Finally, from (5.1) and (5.7) it follows that
Va(z,77) — Vi (2) . ey
n+1 n—»oo(p 4 ) =0
Thus 7* is strong average optimal. 0

6. A Counterexample for the
Unbounded Costs Case

In this section an example is given showing that
the result in Theorem 5.1 does not extend to the case
of unbounded one-stage cost functions. In particular,
a policy as in Lemma 3.1(iv) is exhibited, which is not
SAC optimal. This example exploits the fact that
Assumptions 3.1-3.2 involve the one-stage cost and
the probabilistic structure of the controlled Markov
chain only indirectly, i.e., through the derived quan-
tities V*(-), but no explicit conditions are given on
the primary model parameters c(-,-) and [p; y(u)]. In
the literature [20]-{22], [4]-[6], [24], explicit conditions
have been imposed on c(-, ) and [psy(u)] in order
to verify Assumptions 3.1-3.2; see also [9]. In [13]
explicit conditions, which imply Assumptions 3.1-3.2
(9], were imposed on ¢(-, -) and [pz,y(u)] to show SAC
optimality of AC optimal policies.



Example 6.1: Consider a CMC with state space
S = INg. To specify the other components of the
model, let 3 € (0,1) be fized, and select a sequence
{tx} C INg such that
(a) D=t <ty <ta<... and

(1+ ta)]

(b) k-1
t > k[g 7

Next, set U = {0, 1} (endowed with the discrete topol-

ogy) and define the action set, the cost function and

the transition law as follows:

(i) for = # t, k € IN, let U(z) := {1}, e(2,1) := 0,
and pro41(1) = 1;

whereas

(ii) for £ =tg, k € IN, let U(tg) := {0,1}, ¢(ts,0) =
(e, 1):= Q‘%:‘_“zl and ptk,O(O) =1 ptk,l+tk(1) =
1.

ke IN.

Note that ¢(0,u) = 1, for v = 0,1. Thus, in state
X: = z # tg, k € IN, the only available action is
U, = 1, which produces a state transition to X, =
z + 1, at no cost. On the other hand, when X, = t;,
for some k € IN, both actions are available: U; = 0
produces a state transition to X¢y; =0, and Uy = 1
to Xi41 = 1 + tg; in either case the cost incurred is

C(tkyUt) = ngii—kl

In the example above, Assumption 2.1 clearly
holds. Furthermore, we have shown that Assumptions
3.1-3.2 are also satisfied. Let fy and f; be stationary
policies given by

fo(te) = 0; hHte) =1,

Thus, under action of policy fo, the state z* = 0 is
absorbing, and it is clear that

keN. (6.1)

1
Va(0, fo) = T—> (6.2)
and, for k € IN,
Va(te, fo) = c(te, 0) + aVa(0, fo)
_l+te o« (6.3)
=% tiTa

More generally, if the initial state € INg is such that
ty < x < tgyr, then under the action of policy fo no
cost will be incurred until state ¢4, is reached, which
occurs after ({41 — ) time periods. Therefore, one
obtains that for ¢, < z < {341, k € IN,

Va(z, fo) = a4 7D Vo (tigr, fo). (6.4)
Then, the following can be shown.

Proposition 6.1: For each o € (8,1), the policy
fo in (6.1) is DC optimal for the CMC in Example
6.1.
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Proposition 6.2: For the CMC in Example 6.1,
Assumptions 3.1-3.2 are satisfied. In addition, the
policy fo in (6.1) attains the minimum in the ACOI,
and consequently is AC optimal.

Proposition 6.3: For the CMC in Example 6.1,
and the policy fo in (6.1}, the following holds:

Va(0, fo) = Va(©) _ .

n+1 (6:5)

lim sup
n— 00

Therefore, fq is not SAC optimal.

In summary, we have shown that the CMC in
Example 6.1 satisfies Assumptions 2.1, 3.1 and 3.2,
but the AC optimal policy fo is not SAC optimal.
Furthermore, it is not difficult to verify that, for all

z € Ny,
Vn(zyfﬂ) I
n+1 n—ooo’
and that y
timing £ =0 o4
and thus

lim sup ______Vn(:u, fol»—l Vi(z) =1.
n—o00 n

In addition, (6.6) shows that using the limit inferior or
superior in the definition of the AC criterion does not
lead to equivalent criteria, answering in the negative
a question posed in [7].
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