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Correspondence

Risk-Sensitive Optimal Control of Hidden [1], [2], and [14]. The latter result was originally proved by Shiryaev
Markov Models: Structural Results in the early 1960’s, who also proved that this was not the case for
nonadditive cost criteria; see [16] and references therein. In particular,
Emmanuel Ferandez-Gaucherand and Steven |. Marcus  the posterior probability density is notsafficientstatistic for HMM
under an “exponential of sum of costs” type of criterion, which is
nonadditive. This fact was overlooked in [11].
Abstract—The authors consider a risk-sensitive optimal control prob- Recently, Baragt al. [3], [13] have derived information states for

lem for (finite state and action spaces) hidden Markov models (HMM). - i\ iny under an “exponential of additive costs” criterion and have also
They present results of an investigation on the nature and structure of

risk-sensitive controllers for HMM. Several general structural results are ~ 9iven dynamic programming equations from Wh_iCh optimal va_lues
presented, as well as a particular case study of a popular benchmark and controls can be computed, for problems with a finite horizon.

problem. For the latter, they obtain structural results for the optimal risk-  Building upon their work, we report in this paper results of an
sensitive controller and compare it to that of the risk-neutral controller. investigation on the nature and structure of risk-sensitive controllers

Furthermore, they show that indeed the risk-sensitive controller and its for HMM. Wi the followi tion: H d isk itivit
corresponding information state converge to the known solutions for the or - VW€ pose the Tollowing question: HOw does risk-sensitivity

risk-neutral situation as the risk factor goes to zero. They also study the Mmanifest itself in the structure of a controller?
infinite and general risk aversion cases. Whittle [19], [20] has addressed a similar question for the LEQG

Index Terms—Hidden Markov models, information states, optimal problem, f"md he has _shown that _mUCh insight _Can be gained from
stochastic control, risk-sensitive optimality criterion. a comparison of the risk-neutral (i.e., the classical LQG) and risk-
sensitive equations describing the optimal controller. In our context,
one difficulty encountered is that optimal controllers are defined in
. INTRODUCTION terms of different information states for the risk-neutral and risk-
We consider a risk-sensitive optimal control problem for hiddesensitive cases; see also [3] and [13].
Markov models (HMM), i.e., controlled Markov chains where state The paper is organized as follows. In Section Il we present our
information is only available to the decision-maker (DM) or controllemodel and recall the main results on information states from [3] and
via an output (message) process. The optimal control of HMIA3] that will be needed for our developments. Section Il contains
under standard, risk-neutral performance criteria, e.g., discount®Vveral general structural results, and in Section IV we present a
and average costs, has received much attention in the past. Maayticular case study of a popular benchmark problem. We obtain
basic results and numerous applications have been reported in sttactural results for the optimal risk-sensitive controller and compare
literature in this subject; see [1], [2], [14], and references thereiit.to that of the risk-neutral case. Furthermore, we show that indeed
Controlled Markov chains with full state information and a riskthe risk-sensitive controller and its corresponding information state
sensitive performance criterion have also received some attentimmverge to the known solutions for the risk-neutral situation, as the
[4], [6], [12]. risk factor goes to zero. We also study the infinite and general risk
On the other hand, quite the opposite is the situation for HMMversion cases.
under risk-sensitive criteria, e.g., expected value of the exponential
of additive costs. Whittle and others (see [19], [20], and references
therein) have extensively studied the risk-sensitive optimal control of Il. THE CONTROLLED HMM

partially-observable linear exponential quadratic Gaussian (LEQG)A controlled HMM or partially observable Markov deci-
systems; see also [5]. More recently, Jane¢sal [13], [3] have sjon processis given by a five-tuple(X,Y U, {P(u): u €
treated the risk-sensitive partially observable optimal control probleg, {()(u): u € U}); hereX = {1,2,---, Nx } is the finite set of

of discrete-time nonlinear systems. (internal) statesY” = {1,2.---, Ny } is the set of observations (or
The paucity of results in this subject area can be mostly attributedigssagesyy = {1,2,---, Ny} is the set of decisions (or controls).
the lack in the past of appropriagefficient statisticor information | addition, we have thap(u) = [pij(u)] is the Ny x Nx

states As is well known, if the cost criterion being considered i_%tate transition matrix, and)(u) := [¢..,(u)] is the Nx x Ny

of the type “expected value of additive costs,” then the posterigfate/message matrix, i.ey ,(u) is the probability of receiving
constitutes a sufficient statistic for control (or information state); sg§fferent types of information patterns (IP’s) are possible (see [9]

) ) ) and [10]); we consider the following information pattern.
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Given an expected cost per stageu) — (7, u), the sum of costs Ill. GENERAL RESULTS
for the finite horizonA! is given by As in the completely observed case [12], define thsutility
M—1 contribution matrixas
Cari= Y o(Xe, Ua). ) '
=0 [D(u)]i; = pij(u) - exp(ye(i,u)). (8)

Th(_erisk-sensitive optimal contrqupblem is that of finding a control The following lemma gives the recursions that govern the evolution
policy m = {mo, 1, -+, a1}, _W'th_ Lo m(Li) € U, such that ¢ e information state; its proof follows easily from [3] and [13].
the following criterion is minimized: Lemma 3.1: The information state procesgr,'} is recursively

J7 (7)== sgu(y)E" [exp(y - Cas)] (3) computable as

where~ # 0 is therisk-factor, andsgn(~) is the sign ofy; hereE™ ol = Ny - Q(Yiq, U)D" (U)o (9)
denotes the expectation induced by policgnd, implicitly, the initial o

distribution of the state. By computing the Taylor series expansid¥hereQ(y,u) := diag(gi,)(u), and A” denotes the transpose of

of J7(x). when ~ is sufficiently small, the risk sensitivity of the the matrix A.

above criterion becomes evident in that in addition to the standardRemark 3.1: Observe that asy — 0.D(u) — P(u) (elemen-
expected sum of costs, a second-order term in the expansion measiyis®). Therefore, we see that (9) is the “natural” extrapolation
the variance of’y; [19], [20]. If v >0, then the DM or controller is Of the (unnormalized) conditional probability distribution of the
risk-averseor pessimisticwhereas ify < 0 then the DM or controller (Unobservable) state, given the available observations, which is the

is risk-preferring or optimistic[10], [19], [20]. standard risk-neutral information state [1], [2], [14]. /
As in [3] and [13] define value functiong” (-, M — k): R, X —
A. Information States R,k = 1,---, M as follows:
As for the risk-neutral case [1], [2], [14], an equivalent stochastic Nx
optimal control problem can be formulated in termsimformation ~ J7 (o, M — k) := min {[E"’{Z ol (Dot_p = 0'}}
statesand separated policiesHere we follow the work of Baras Mok i=1

et al. [3], [13]. Let ), be the filtration generated by the available (10)
observations up to decision epoc¢h and let G, be the filtration
generated by the sequence of decisions and observations up to
time as given by IP. Then the probability measure induced by a T(u,y) = Ny-@(y,u)DT(u). (12)
policy = is equivalent to a canonical distributioR", under which

{v;} is independently and identically distributed (i.i.d.), uniformlyThe next result follows directly from [3] and [13].

distributed, independent dfX}, and { X+} is a controlled Markoyv ~ Leémma 3.2: The dynamic programming equations for the value

%%qote byT(u,y) the matrix

chain with transition matrix as above. We have that functions in this problem are given as

dpPT ” ¢ " ; Ny

T = Af == Ny - pmqx, v (Uk—1). (4) N

dP7|g, Y B T (e, M) =" a(i)

Then, the cost incurred by using the poligyis given by =
(o, M — k) = mi Y L, Yag— M —k
JV () :==sgu(vy)E" [exp(v - Car)] S, M = k) f:ﬁ{[E 7T Y ) M= R 1)
=sgn(7)E"\F; - exp(y - Car)]. ©) k=12, M. (12)

Following [3] and [13], the information state for our problem is giverFurthermore, a separated poliey = {=g,---,7};_,} that attains
by the minimum in (12) is risk-sensitive optimal.

o7 (i) == ET[1[X; = ] exp(y - Cr) - AT| V] (6) Next, we present several general results for the risk-sensitive case

) o ) N that have similar counterparts in the standard risk-neutral case [1],
where1[A] is the indicator function of the event, andog = po.  [2], [7], [14], [17].

wherep, is the initial distribution of the state and is assumed to be | emma 3.3: The value functions given by (12) are concave func-
known (unless otherwise noted, we assume column vector notatiotng. Nx
iohs of ¢ € R, .

N
i X _ N : . ; ; . L .
Notice thats, € R, := {o € R X|o(i) > 0,Vi}. With this Proof: We proceed by induction irk, with the casek = 0
definition of information state, similar results as in the rls.k-neutrqjeing trivially verified from (12). Assume that the claim holds true
. ! . ) ) v n

case can be ({ptalneq. Ir_1 par_tlcular, one obtains a recursive upda*;lc?rgO <F=k—1<M Let0 <A <1ando.os € IR+X, and
formula for {s; }, which is driven by the output (observation) pathdefine& .= Ao1 + (1 — \)os. Then we have that

and evolves forward in time. Moreover, the value functions can = A0 2

be expressed in terms of the information state only, and dynamic Ny

programming equations give necessary and sufficient optimality cotF (5, M — k) = min L Z J(T(u,y)6,M —k+1)
ditions for separated policiesi.e., mapsr; — 7:(o;) € U; see [3] wel | N y—1
and [13]. In particular we have that Ny
/ 1 N . .
Nxoo > min { — N (T(u,y)o1, M —k+1)
J(7) = sgn('y)[EJf |:Z a} (z):| ) ~ U | Ny y; ’
=1

where {s3,} is obtained from (4)—(6) under the action of policy
w. Hence, the original partially observed problem is equivalently
expressed as one with complete state information, {«/,}. For N , N
ease of presentation, we consider hereafter the risk-averse case only 2A (o1, M = k) + (1= A)J7 (02, M = k)

(v > 0); the risk-seeking case is treated similarly. (13)

+ Q=N (T(u,y)o2, M — k + 1)]
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where the first inequality follows due to the induction hypothesis andhere vy = (1,0,0,---70)'7,--../1/NX = (0,0,0,---,1)". We

the second inequality due to (12). N O further denote
Next, define recursively sets adw vectors inIR‘JrX as follows: Ny
Ag:={1=(1,1,---,1)} Alo,@) = gj=y Y _[exp(e(t, @) (0)]. (20)
f=1
1
W Z%T(u,y)l% €Ar_1,uelU,;. (14) Theorem 3.1: Let 7w € U be a resetting action. Thefi RX
y=1

convex subset OR X

Note that the cardinality of the sets defined in (14) obeys the recursion Proof. Recall from Lemma 3.3 that the optimal cost-to-go
|4k < Np - |Ar—a| YY" In the risk-neutral case, the counterpart ofunctions J7(-, M — k) are concave. Since the mafi§u,y) in
the foIIowmg result has been shown to have important computatiof&i) are Ilnear\them' (M — k) are also concave, for all € U.
implications [1], [7], [17]. It will play a key role in our subsequentFurthermoreR X is a convex domain. Then, by [15, Lemma 1]

%
developments. we have that ifJ2(-, M — k) is a linear function |nIR+X, then
Lemma 3.4: The value functions given by (12) are piecewisg:pk is convex. Thus all that remains to be proven is the linearity

linear functions ino € IR+ , such that of J1(-.M — k).
) N
J' (o, M = k) = min {ac}. (15) Leto € IR+X., then we have by (9), (11), Definitions 3.1 and 3.2,
a€Ag and Lemma 3.4 that
Proof: We proceed by induction ik, with the caset = 0 Ny
being trivially verified from (12). Assume that the claim holds true Jl(o, M — k) = L Z min {aT (@, y)o}
for 0 < k = k — 1< M, then from (12) above we have R Ny & o
Ny =A(o,7) 11211:1_1{(11/1 }
(o, M — k) = mi T %
T M=) = mig § 5y 2 i {eT () = Ao ma" (") (21)
Ny wherea™ (j*) := min{a(j™)[(a(1 alj™),- n(AX)) €
“ Y |y > dlu.y.0)T(u,y)|o Ai_1}. Hence, since by (20)\( u) is linear in IR+ . SO is
v=1 JI(, M = k). O
= min {ac} (16)
aCAy

- S . . IV. A CAse Srtubpy
wherea(u,y, o) € Air_y denotes a minimizer in the expression on

the right of the first equality above. The last equality follows since e consider a popular benchmark problem for which much is
aT(u, 1/)0 > a(u,y.0)T(u.y)o, forall @ € Ax_,u € U,y € known in the risk-neutral case. This is a two-state replacement prob-

Y.oeR, X lem which models failure-prone units in production/manufacturing
g

L 3 5 Obtimal d policietr* | systems, communication systems, etc. The underlying state of the unit
emma ptimal separated policiefr; } are constant along can either be workingX; = 0) or failed(X; = 1), and the available

N
rays through the origin, i.e., let € IR+X, thenw;(o') = 7{(c) actions are to keefl’; = 0) the current unit or replacd’; = 1) the
for all ¢ = Ao, A > 0. unit by a new one. The cost functig, u) — c(x, «) is as follows:
Proof: From Lemma 3.4 we see thal’(¢/,.M — k) = |et R>C>0, thenc(0,0) = 0,¢(1,0) = C,e(x,1) = R. The
AJ7 (e, M — k). Hence, the result follows from Lemma 3.2. 0 messages received have probabilitf2 < ¢ < 1 of coinciding with
Definition 3.1: From (12), foru € U andk = 1,2,---, M, let  the true state of the unit. The state transition matrices are given as

Ti(o, M — k) :=E'[J(T(v,Yar x11)0, M — k 4 1)] 1—¢ ¢ 10

y R e e O

Z[J (T(u,y)o, M — k+1)].  (17)

_\' with 0 < # < 1; see [7], [8], and [18] for more details. With the above

definitions, the matrices used to update the information state vector
N .
The control regionCR; C R, X for actionu € U, at the M — k  @'€ given by

decision epoch, is defined as _
% Ny T(0.y) {E]i (—1 q, (;«; (1— g?, )e""’c}
CR, :={ole R ™, J(o,M —k)=J; (0, M - k)}. (18a) A/R‘/ ok v
L . . T(ly) =2t W (23)
Furthermore by Lemma 3.2 if;;_; is an optimal separated policy ' 0 0

for stageM — k then, foru € U
where g, = ¢(1 — y) + (1 — ¢)y,y = 0,1. For this caser =
CRF .= ={o€ IR+ |73 c(0) = ul. (18b) (0(1),0(2))" € R, and the dynamic programming recursions (12)
take the form
Definition 3.2: An actionwu € U is said to be aesettingaction if

there existg* € X such thaip; ;- (@) = 1, for all i€X. Therefore J o, M) =0(1)+0(2)
from (8), (9), and (11) we note that, for amye IR+ andy €Y J o, M — k) = min{Jj (o, M = k); J/ (¢, M = k)}.  (24)
NX Define thereplacecontrol reglonC‘Blepme and the keep control
T(u,y)o0 = Nygj» y Z[exp(c(f, w))o ()]« (19) region CRy.., in the obvious manner, c.f. Definition 3.1. The next

=1 result follows from (23), Lemma 3.5, and Theorem 3.1.
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Lemma 4.1: For all decision epochs, the replace control region is Theorem 4.2:Let 0 < K < M be given.

a (possibly empty) conic segment R, . 1) The necessary and sufficient condition for the policy with
The next result establishes an important threshold structural prop- 1) =---=n%,_=(-) =0 (i.e., always keep the unit in
erty of the optimal control policy. This is similar to well-known the lastK stages) ‘t/o_b\e optimal is that
results for the risk neutral case [7], [8], [15], [18]. _
Theorem 4.1:1f CRF is nonempty, then it includes theg2)- AT , _ In(a—
replace p y hﬂ ) ¢ S 67R PN R 2 I{C _ n(ahfl). (29)

axis, i.e.,R% is partitioned by a line through the origin such that for
values ofr € R3. above the line it is optimal to replace the unit, and
it is optimal to keep the unit otherwise. 2) If (29) holds, then
Proof: We proceed to show that if it is optimal to keep the unit . = e P K~C
in the o(2)-axis (see Lemma 3.5), then the optimal policy is to keep ~ * (0. M = K) =Jj (o.M ~ &) = ago(l) + e 0(2)
the unit for all values oir € R3.. Hence, by contradiction, we can Ji (o, M = K) =ap_,e"(a(1) + a(2)). (30)
then conclude from Lemma 4.1 thatGTRi‘;plm is nonempty, then o _ _ _ )
it must include ther(2)-axis, and the statement of the theorem then 3) If 1 < K < M is the smallest integer for which (29) fails

~

K1

follows. Let o’ = (0,0(2))7,5(2) > 0. Then, for0 <k < M, we to hold, thenz}, (-) is of threshold type, wittR} being
have from (23), (24), and Lemma 3.4 that partitioned by the line
~ * R — v—
Ji(e' . M — k) =e""0(2)a"(2) ¢ 0% T OR o(1) = o(2) (31)

K~C _ svR
€ AR

J (o' M — k) =e0(2)a" (1)
such that the region to the left of (above) the line is the replace
control region.

Remark 4.1: Note that the simplest nontrivial decision process

Ji(0 M = k)< J] (o', M —k) o e"“a"(2) <e™a’(1). (25) corresponds to the casd = 2, since (29) is always satisfied for

K = 1.

where o*(i) denotes the componentwise minimum oveéy._;.
Suppose that

Now, for any others € RA
A. Small and Large Risk Limits

J (o.M — k)= e (a(1) + 0(2))a"(1)
Infinite Risk Aversion Casgy — oc): Consider the situation

and, sincey >0 and R > C >0, then ~ — oo in (28). Note that fory large enough
! (0% ~40- (.’(?_2)70.
T M —k)y=>" min {g,(1—#)a(Da(1) Kt
y=o 2k Therefore, asy — oo, we have from (29) that the necessary and
+ (1 —gy)fo(1)a(2) sufficient condition for it to be always optimal to keep the unit in
+(1—gq))o(2)e’a(2)} the _Iastf stages apprc_)achd% > 2C, which_is_ the same condition
1 for it to be always optimal to keep the unit in the last two stages.
< Z min {g,(1—60)o (1) a(l) Furthermore, as is readily verified from (31),Af< 2C andy — oo,
o €Ak then it is always optimal to replace the unit at stage— %, for all

\ ~C 2 < k < M, i.e., the threshold line tends to thé1)-axis. Hence the
+ (1 —gy)fo(l)e" a(2) o
: v DM becomes myopic in the sense that, perhaps except for the last
+(1=qy)o(2)e”"a(2)}.  (26)  gne, all decision epochs appear to be the same. The DM appears to
always face a two-stage decision process, the simplest one possible.
In the jargon of Whittle [19], it could be then said that an infinitely
Ay = {a € Apy |€wca(2) < e"Ra»*(l)} 27) risk averse DM exhibits “neurotic_:” behavior, his optimal str_ategy
being of the “bang—bang” type with respect to the paramé&teif
which is nonempty by (25). Then by minimizing ovet,_, the & > 2C, thenmj,_,.(-) = 0, and otherwiser}, . (-) = 1, for all
terms on the right-hand side in (26) we obtain an upper bound f3r< & < M. This behavior can be partly explained by noting that at

Now, defined, 1 C A,_1 as

this expression, and we finally get that most one change will then occur in the stream of costs, thus achieving
least variability in the cumulative cost.
Jy(e. M — k) <e""o(l)a” (1) + ¢ o(2)a” (1) Small Risk Aversion Cages — 0): Next, we examine the ques-
=J) (0. M — k) tion: How do the results in Theorems 3.1, 4.1, and 4.2 compare
to known results for the risk-neutral case? The answer is that
and therefore it is optimal to keep the unit at alE R?. O the risk-sensitive controller obtained here has as its small risk

Using the dynamic programming recursions (24), the structure UjT"t the known risk-neutral Contl’oller, and both controllers have
optimal policies can be further elucidated. First we need a simgle general a similar structure. Similarly as in [18], the dynamic
technical result; see [9] and [10] for a proof. Le§ = 1, and for Programming equations for the risk-neutral case can be written, with

k=01, M define the conditional probability distribution of the state as the information
state. Then, it can be shown that the optimal risk-neutral controller has
g1 = (1 —80)ay + geFre, (28) a structure similar to the risk-sensitive controller given in Theorem
) 4.1. Furthermore, it can be shown that the necessary and sufficient
Lemma 4.2 a1 > ax, ande™ ag > agqaik =1,2,---, M. condition in the risk-neutral case for the separated potity.; (-) =

The following theorem gives more precise results on the structure — Ly
of optimal policies. Its proof is by backward induction using (24); MR -
see [9] and [10]. R>KC - o%_, (32)

() = 0 to be optimal is
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wherea%f1 is obtained as the derivative with respectteevaluated
as~ — 0, of (28). As can be easily verified, the above is nothing
but the small risk limit (i.e., asy — 0) of (29). (10]
General Risk-Aversion Cage > 0): The following result helps
bring to light a manifestation of aversion to risk in the DM or

El

controller; its proof is given in the Appendix. [11]
Lemma 4.3: Let v > 0, then for allk > 1

In(ag) > - . (33) [12]

o [13]

Notice that the decision to replace a unit involves an uncertain,
and therefore a risky, investment in that the unit being replaced mAY)
actually be in working condition, or it may subsequently fail. This is
reflected in (29), (32), and (33) in that a risk-neutral DM or controller
may decide to replace a unit for values®tigher than a risk-averse (15]
DM or controller would.

[16]
APPENDIX 17]
Proof of Lemma 4.3:From the recursion (28) it follows that
k—2 (18]
ar = (1= et 4 (1 - )t (34a)
(=0 [19]
k=2 [20]
ap =Y (1=8)8(k—1-1)C. (34b)

=0

Now, it also follows from (28) thatvx|=0 = 1, and therefore (34a)

is a convex combination of exponentials (the last term corresponding
to ¢”7“). Therefore, sincdn(-) is a strictly concave function, we
have that

k—2
In(ag) = In <Z(1 — ) geFTI T L1 - e)““)

=0
k—2
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A General Minimal Residual Krylov Subspace
Method for Large-Scale Model Reduction

Imad M. Jaimoukha

> Z(l - 9)19 ln(e(kﬂ*l)’(") = yal. (35) Abstract—This paper considers approximating a givemth-order stable
(=0 transfer matrix G(s) by an rth-order stable transfer matrix G, (s) in
O which n > r, and where n is large. The Arnoldi process is used to

generate a basis to a part of the controllability subspace associated
with the realization of G(s), and a residual error is defined for any
approximation in this subspace. We establish that minimizing thel
norm of this residual error over the set of stable approximations leads to
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