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We also computed the unit impulse response of the closed-loop Risk-Sensitive Decision-Theoretic Diagnosis
control system when the controllers were the infinite-precision
implementedw, and various FWL implemented realizations. Notice ~ Mark A. Shayman and Emmanuel Fernandez-Gaucherand
that any realizatioow € S, implemented in infinite precision, will

achieve the exact performance of the infinite-precision impIementedAbsmw_We consider the problem of determining the optimal sequence
WO_’ _Wh'Ch 'S_ thedg&gned:ontrollgr performance. F‘_)r this reason, th%ftests for the discovery ofafa?ulty component, Wher%therepisarandqom cost
infinite-precision implemented, is referred to as thieleal controller  associated with testing a component. Our work is motivated by applications
realizationw;q..1. Figs. 2 and 3 compares the unit impulse respongetelecommunications networks, e.g., location and isolation of faults (or in-
of the first plant outpuy, (k) for the ideal controllew;q..1 with those ~truders) in IP networks. A novel feature in our approach is that a risk-sen-
of various 22-bit and 21-bit implemented realizations, respectiveffjivé Performance criterion is used in order to rank different competing
. Chedules. Risk-sensitivity is incorporated through the use of an exponen-
It can be seen that the closed-loop became unstable with a 21gjf,ility function, and hence optimal schedules attain a trade-off between
implemented controller realizatiow,. However, the closed-loop minimal expected costs and, e.g., a low variance about the achievable ex-
system remained stable with the 21-bit implementeg: . pected costs. We characterize optimal schedules both when the testing se-
quence is not subject to precedence constraints, and when it is subject to
such constraints, given by an arbitrary partial order. For the case with
VI. CONCLUSION precedence constraints, we show that our models can be analyzed via mod-
ular decompositions, as studied by Monma and Sidney
We have applied the pole-sensitivity approach to address the sta-
bility issue of the closed-loop discrete-time control system where a
digital controller is implemented with a fixed-point processor. A new o
FWL closed-loop stability related measure has been derived. It has beehhe motivation for the work presented here comes from the problem
shown that this improved measure is a less conservative lower bodault management for communication networks. An important el-
of the computationally intractable true stability measure than other éxnent in many approaches to fault managemeseéuential testing
isting measures for the pole-sensitivity method. As this new measuré}§]- Based on available network management data, a set of compo-
a function of the controller realization, it can be used as a cost functiBgnts (hardware or software) is identified as containing the potential
for obtaining an optimal controller realization that maximizes the pré00t cause of the failure. Then the suspect components are tested se-
posed measure. An efficient optimization strategy has been develogégntially until the defective component is identified. For the resulting
based on the ASA algorithm for optimizing a unified controller strucscheduling problem, itis typically assumed that there is a single faulty
ture which includes output-feedback and observer-based controllergomponent [thenutually exclusive faulttMEF) case], that the proba-
bility of component being faulty is a known valug;, and that there is
arandom cost’; associated with testing it, and the goal is to minimize
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brand of motorcycle considered in [24]. This is unlikely to be the case the risk-neutral case are not necessarily amenable to such solution
for the diagnosis of communication network faults. We present thre@ethe case of risk-sensitive criterion [2].
arguments in support of the latter statement. An abridged description of this work was presented in [31].

2) When a network anomaly is detected, various data about the
status and performance of network elements is stored in the Man- m
agement Information Bases (MIBs) and is available to the net-
work management system. Using this information to instantiate
the appropriate nodes in a Bayesian network, evidence propa\We view the fault management process as a hierarchical process,
gation algorithms for Bayesian networks may be used to det@mensisting of two phases. In the first phase, the agent searches its do-
mine thep;s [19], [20]. Since the performance data are conmain for evidence of anomalous behavior. If evidence of such behavior
stantly changing and the network configuration changes quitedetected in a subdomain, a second phase begins in which the net-
frequently, even if a fault in a particular component is repeatediork element(s) in the subdomain are tested to isolate the specific fault.
it is likely that thep;s will be different. Thus, an objective of The phase one problem corresponds to the following generic search
minimizing average cost over many repetitions of the same fagitoblem: Given a set o components which faindependentlyeach
scenario may not be appropriate. of which may be tested with random testing cost to determine whether

3) Even apart from the above, the network manager may preferaonot it is faulty, determine the “optimal” order in which the compo-
accept some degree of increased expected cost in order to redugats should be tested. We further assume that once a faulty component
the variance of the cost; i.e., the manager mayisieaverse is found, the search stops; this has been callsdtigficing searctby
The manager is therefore willing to perhaps pay a premium (limon and Kadane [34]. We refer to this as the INF problem. The phase
average), in order to avoid the uncertainty that, for normal opwo problem corresponds to a different generic search problem: Given
erational ranges, the actual costs (e.g., testing time) incurredairset ofn componentsvith at most one in failuredetermine the “op-
repeated fault management situations may vary widely (perhapsal” order in which the components should be tested. We refer to this
for the worse) from the predicted average optimal values. as the MEF problem.

4) Policies determined by optimizing a risk-sensitive criterion may We begin by considering the problem of risk-sensitive sequential di-
perform better even relative to a risk-neutral criterion when pagnosis for the MEF problem without precedence constraints, and sub-
rameter errors are present [12], [4]. sequently we will briefly comment on the INF problem, the solution

The above concerns lead us to believe that the problem of optimal séwhich follows similar arguments as the former. I&tbe a random
quential fault diagnosis is ideally suited to analysis as a stochastic de@iriable representing the cost of testing comporiegiven that it is
sion process with dsk-sensitive optimality criterionThis is achieved faulty, and letD; be a random variable representing the cost of testing
via the use of an exponential utility function, leading to an optimizasomponent given that it is not faulty. We assume that conditional on
tion process that yields risk (i.e., variance) sensitive scheduling ruléise state of componetit the testing cost of componehis indepen-
see [2], [6], [18], [25], [29], and [38]. As mentioned previously, it isdent of the states and testing costs of all other components. We allow
this choice of optimality criteria that differentiates our work from thdor the possibility that the true fault may not be one of theypothe-
available literature. sized faults; thusy_?_, p; may be less than one.

Therefore, we assume that risk sensitivity is given by an exponen-What we refer to as a “component” may itself be a complex entity
tial (dis-) utility functionU., () = (sgnv)e”™, v € R, v # 0. The or even a subsystem. Thus, what we refer to as a “test” of a particular
above utility function can be explained as modeling the behavior otamponent may itself refer tosequencef tests. If there is a fault in
“decision maker” with a constant level of risk aversion, as given by titbe component, the sequence stops when the fault is discovered. If there
parametery [30], [25]. This can be a good approximation over a rangis no fault, the entire test sequence is performed before the component
of operation, and furthermore leads to a decomposable (multiplicative)exonerated from suspicion. Thus, for such a diagnostic process the
“exponential of sum of costs” criterion amenable to analysis via dgverage cosE[D;] associated with a negative result will generally be
namic programming [2], [9], [6], [25], [38]. Another viewpoint is justlarger than the average coB{C;] associated with a positive result.
to consider a Taylor expansion éfl¢”“] aboutE[C], whereC repre- This observation also applies to other potential applications such as
sents the sum of aggregated random costs. Up to a first approximatisggrching for a hostile entity in a collection of geographic regions. To
the latter leads to an objective for optimization composed of the sumexonerate a region (negative test result) requires a complete search of
expected costs (the standardisk-neutralcriterion) and thevariance the region, while finding the hostile entity within the region (positive
of C multiplied by the risk sensitivity parameter Hence, ify > 0 test result) may only require a partial search.
the decision maker is said to biek-aversean that the objective forthe  We may also choose to include {4 the cost associated with re-
optimization seeks to minimize both variance (uncertainty measuripgiring the faulty component. In the risk-neutral case, the contribution
risks involved) and the expected costsylik 0, then variance is ac- of the repair cost to the objective function is independent of the ordering
tually seen as a desirable feature, and the decision maker is said t@abe hence has no effect on the optimal schedule. However, we show in
risk-seekingFinally, if v = 0, the standard expected costs criterionhe sequel that this is not true in the risk-sensitive case. If repair costs
is recovered, which cannot distinguish between two scheduling ruke® included, obviously it is possible th&{C;] may exceed[D;].
with different variances but equal expected costs, a risk insensitive oiin other applications, a component subsystem may itself be struc-
risk-neutralsituation. tured hierarchically as a tree. The leaves represent the “atomic” ele-

In the sequel, we are able to obtain explicit characterization of theents of the subsystem. The root node represents the entire subsystem,
optimal testing sequence in the unconstrained case. In the more genstale an interior node represents that part of the subsystem comprised
case where the sequence is constrained by an arbitrary partial ordésll its descendant leaves. It may be possible to test the portion of the
we show that our model leads to modular decompositions of the opgitbsystem corresponding to a particular node. A negative test result
mality criterion, and therefore is amenable to study following work bindicates that this portion is fault-free and completes the investigation
Monma and Sidney [28]. At the root of our results is an interchange af that portion of the system. On the other hand, a positive test result
gument. That such an argument proves useful is somewhat surpridgimtjcates that the portion contains a fault; in this case, the portion is fur-
since scheduling problems that can be solved by interchange arguméms tested to localize the fault by proceeding idepth-firstmanner.

. MUTUALLY EXCLUSIVE FAULTS WITHOUT PRECEDENCE
CONSTRAINTS
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(This type of algorithm occurs in a number of different applications; Lemma 1: Suppose thafa} = {b}. ThenV(a) < V(b), if and
in multiple-access communications, it is sometimes referred to as tay if
Adaptive Tree Walk Protocol [37].) In this approach, the average cost - -
E[D;] associated with a negative result will generally be smaller than L T L , T
thEe a\]/erage cosE[C;] associated with a positive result. The exponen- Z Pa;0(a:) H vla;) < Z po; ¥ (bi) H OO
tial utility function used in our risk-sensitive optimality criterion also = =
has some relation to scheduling problems which involve minimizing  pyyof: The result follows directly from (3). Lete = |a| = |b].
completion times when (exponential) discounting is employed, as &ince{a} = {b)
lustrated in the following remark.

Remark 1: In the special case whe@&; = D;; Vi andy < 0 < m ) m

m

U(ai) = (1 - Z Pbi) [Iv@). (6

=1

(risk-seeking decision maker), the MEF problem without precedence 1- Z Da;

constraints is mathematically equivalent to the total weighted exponen- i=1 i=1

tial completion time problem [14], [28]. To obtain this equivalenge, -
andC; are redefined to be the weight and processing time, respectivelyLet
for job i. . _ . ]

Lety (i; v) := Ele”"%],andlet(i; v) := E[e”¢]. Thusp(i; v . s / -
andE(i;(q/) arethe [mom]entgeneratingfunctigns’,bf]andD,;, respei:- Via) := Z Pa;¥(ai) H ¥(a;). (7)
tively. In the sequel, we generally suppress the dependenge on = 7=

Leta = (a1, ..., an ) be apermutation of am-element subset, de- As a consequence of Lemma 1, when comparing schedules containing
noted{a}, of {1, ..., n}. We refer toz as a schedule and indicate thethe same set of elements, it is equivalent to base the comparison on the
number of elements in the schedule|by. If |a| = n, we refertoz as  functionV rather than ofv’. This greatly simplifies the analysis.
a complete schedule. For two (disjoint) schedules (ax, ..., a) Let¢(a) := [1/%, ¥(a;). It follows easily from the definitions that
andb = (b1, ..., by) such thatn + ¢ < n, we denote the concate-
nated schedule as ¥(ab) =¥ (a)d(h) (8)

abi= (ars o am br o be). V(ab) =V (a)+ ¢¥(a)V (D). 9)

o . . . The following proposition contains the key interchange argument
To simplify notation, we will generally assume that> 0—i.e., the ,qeq 5 nsequently to obtain the optimal scheduling rules.
decision maker is risk-averse. However, we will indicate the analogousProposition 1 If |i| = |j| = L, then
results for the case < 0 as well. LetF; denote the event that compo- '
nenti is faulty. Denote the random cost as R R D) —1 D) =1
V(aijd) < V(ajid) & L =L ¥ =1 (10)
pit(i) P (J)

C; = Ifz.C‘i +(1- Ir,)D;
Proof: Iterating (9), we obtain

and fora = (a1, ..., a.x), the utility of the aggregated cost is com- R R R K
puted as V(abed) =V (a) + ¢(a)V(b) + () (b)V (c)
- + D) T (DT () (d). (11)
Cla) = expyy 21 Caj (- @ Hence, using (8) and (11), we obtain
=
Inthe event thaf., = 1, i.e., thea,th component is faulty, then V(abed) — V(acbd)
N =) {7 [s0) -] -V [d0-1]} @2
ElC(a)|Ir,, = 1] = ¢(a:) [] ¢(a;) @ and thus
j=1
. . . . o o Vie)
since testing would terminate once the fault is found. Hencdafoe V(abed) <V (achd) < =1
m > 1, the expected exponential risk-sensitive cbstz) for the . z“ic) B _
scheduler is given by < Vo 2/)(f)) -1 U(f) -1
b)) -1 V) — V(e
m i—1 m m
Via) = pato(a) [] ¥aj) + <1 -> Paz-> II ¥(a) 3  from which the result follows withh = i ande = ;. ]
=1 7=l =1 =1 Theorem 1: Let~ # 0. For the MEF problem with no precedence
traints, let hedul tiy ooy tn) i timal if and
where the first term comes from (2) and the independence assumptiq(;r%]ysifram S a complete schedule= (. » tn) IS optimal if an
and the second term accounts for the probability that none dé:the
m tested components are faulty. In the special case where 1 and sgn(v) (E(ti) — 1) sgn(y) (J(t]r) - 1)
— ; < /
a = (i), we have o) < 20, 00) (13)

V(i) = pi(d) + (1 — p)(i). (4) wheneveri < j.
Proof: For the casey > 0, the result follows immediately by
If we want to emphasize the dependence on the risk-sensitivity paraapplying an interchange argument, based on Proposition 1. The analo-
etery, we will use the notatiol’(a; ~) instead ofV (). gous result for the case < 0 is derived similarly. Note that H; < 0,
The following result plays a crucial role in the sequel. theny (i) < 1 andy (i) < 1.
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Thus, from Theorem 1, we conclude that the components shoulddre increasing. On the other hand, if there are two tests for which these

tested in increasing order of the ratios differences are equal, the test with higher probability of success (i.e.,
testing the component with higher failure rate) should be scheduled

sgn(v) (E [e77i] - 1) first. If both the differences and probabilities are equal, the test with the

piE e : smaller cost should be scheduled first. In the special case in which the

cost of negative tests is the same as that of positive tests, and in which

Remark 2: If a component is tested and foundt faulty this infor-  the success probabilities are all distinct, the tests should be scheduled
mation apparently could be used in a closed-loop decision rule. For iRgorder of decreasing success probability. Therefore, hypersensitivity
MEF problem, the exoneration of a particular component causes tRdisk induces myopia in the decision maker’s behavior.
probabilitiesp; of the remaining components to be rescaled by a con- Corollary 3: Suppose that’; = ¢; andD; = d;, Vi. Suppose that
stant factor—i.e., renormalized. Since this renormalization leaves i€ complete schedute= (t1, ..., t,) is such that if < j, then one
ordering of the ratios in (13) unchanged, it follows that the open-lodgf the following conditions holds:
schedule specified in Theorem 1 indeed gives the optimal policy. b) i, < eyl

The following result shows that the classical ratio test for the risk- c) ¢;, = ety andpy, < peg;
neutral problem is recovered when the absolute value of the risk-sensid) c;, = ce; andpy, = pr, anddy, < dqj;

tivity parameter is small. Then, for ally < 0 with || sufficiently large,t is the unique optimal
Corollary 1: Suppose that the ratiosE[D;]/p;}/=, are distinct. complete schedule for the MEF problem.

Then there exists > 0 such that if|y| < e then there is a unique Proof: Follows easily from Proposition 1 and Theorem 1, e.g.,

optimal complete schedule= (¢4, ..., ¢,) for the MEF problem, reversing the inequality in (15). [ ]

and it is specified by the condition that whenevec j, then Example 1: Suppose there are three components with fault proba-

bilities p1 = 0.3, p2 = 0.4, p; = 0.2. Note that there remains a prob-
E[D,,] < E [Dzj] (14) ability of 0.1 that the failure is not in any of the three suspected com-
De; e, ponents. Suppose that the costs of negative test®are 2, D, = 3,
D3 = 2 and the costs of positive tests &e = 1, C> = 2, C5 = 3.
Proof: For small|+|, /(i) ~ 1 + vE[C;] and¢(i) ~ 1+ Thus negative tests are more costly than positive tests for components
vE[D;]. Using these approximations, the assertion follows from Thd-and 2, butthe opposite is true for component 3. Thus, itis more costly
orem 1. m toexonerate components 1 and 2 than it is to confirm failure and repair
Remark 3: From Corollary 1 we see that if the risk-sensitivity pathem; the opposite is true for component 3. For example, component 3
rameter is sufficiently small, the cosf€’;} associated witlpositive Might have a substantial repair cost.
tests are irrelevant to the determination of the optimal testing orderSinceDi/p: = 6.67, D2 /p> = 7.50, D3/ps = 10.00, it follows
In particular this is the case in the risk-neutral problem—i.e., in tHgom Corollary 1 that for smally|, the optimal schedule is (1, 2, 3). In
limit as v — 0. However, from Theorem 1, it follows that for the gen_particular this is the case in the limit gs— 0—i.e., the risk-neutral
eral risk-sensitive problem the costs associated with positive testscase. Note that the costs associated with positive tests, and hence repair
well as costs associated with negative tests are relevant to the optiffgts, have no bearing on this conclusion.
testing order, a rather important distinction with respect to the risk-neu-Since,c1 < ¢z < ¢s, it follows from Corollary 3 that for suffi-
tral case, i.e., theC overp rule.” Note from (13) that the larget;, ciently negative values of—i.e., for a sufficiently risk-seeking deci-
the higher priority for component(for ~ > 0), i.e., it may be too risky Sion maker—the optimal schedule is (1, 2, 3). In fact, numerical inves-
to delay testing of such a component. In particular this indicates thaigation confirms that this is the optimal schedule for-ak 0.
risk-averse decision maker should test components that have high reSinceds — cs < di — c1 = da — cz andp, < pa, it follows
pair or replacement costs early. from Corollary 2 that for sufficiently positive values gf—i.e., for a
Next, we consider the structure of the optimal scheduléfors> 0. sufficiently risk-averse decision maker—the optimal schedule is (3, 2,
For this discussion, we make the simplifying assumption that for eagh In fact, numerical investigation based on Theorem 1 reveals that
i, the random variable§; andD; are constants with values andd;, the optimal schedule is (1, 2, 3) feroo < v < 0.1869, (1, 3, 2)

respectively. for [0.1870, 0.2027], (3, 1, 2) for [0.2028, 0.2644], and (3, 2, 1) for

Corollary 2: Suppose thaf’; = ¢; andD; = d;, Vi. Suppose that [0.2645,00). _ _ _
the complete schedute= (1, ..., t,) is such thatif < j, then one Remark 4: Suppose that instead of assuming mutually exclusive
of the following conditions holds: faults, we assume that the states of theomponents (faulty or not

faulty) are independent: the INF problem. Similarly as the comments
in Remark 2, if a component is tested and founad faulty,this infor-
mation apparently could be used in a closed-loop decision rule. How-
ever, for the INF problem, this type of gathered information does not
change the individual probabilities for the remaining components; thus
an open-loop schedule is optimal and an interchange argument is ap-
plicable. Lety; = 1 — p,, the probability that components not faulty.
Using a derivation similar to that for Theorem 1 gives the following.
v e Theorem 2: Lety # 0. For the INF problem with no precedence
pje’™ (6' i = 1) < pie’” (6’ i = 1)- (15)  constraints, a complete schedtle (¢4, ..., t,) is optimal iff when-
everi < j, then
By considering (15) fory > 0 and using an interchange argument, the .
result follows. (] sgn(v) (g 0(t) — 1) sen(y) (¢, 0(t;) — 1)
In particular, this result shows that if the differendes — ¢, } are pe () = pe;U(t5)
distinct, then a very risk-averse decision maker should order the tests so
that the differences between the cost of a negative test and positive Bsim Theorem 2, analogues of Corollaries 1 and 2 are easily obtained.

b) (]fi — ¢, < dfj = Ct;,
C) di, —ci, = di; — ¢ andp,j < pi;;
d) di, — ¢, = di; — ¢, @ndpy; = pe; andey, < ;.
Then for all sufficiently largey > 0, ¢ is the unique optimal complete
schedule for the MEF problem.
Proof: From Proposition 1 it follows that (aijb) < V (ajib) if
and only if

(16)
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IIl. MUTUALLY ExcLUsSIVE FAULTS WiITH PRECEDENCECONSTRAINTS  only optimal permutations, and every optimal permutation can be pro-
gced by the Decomposition Theorem.

SN xt, we show how to define a sequencing function for our problem

a%at exhibits the decomposition properties required to apply the results

partial order on the set of possible tests. By virtue of Lemma 1 a %[28] Suppose that we udé as our sequencing function, It follows
he functional i I h s )
the functional equations (8) and (9), we are able to show a decom m (8), (9) and (12) that for the strong ASI property to hold, the

sition result for our performance objective, and hence we demonstrafe - -
that the modular decomposition theory of Monma and Sidney [28] Cgﬁeference relation would need to be defined so that
be applied to our problem. Decomposition results for various sched- T =1 _ Ble)—1
uling problems under precedence constraints have been described by a bLce — < — . (20)
number of authors, including (among others) Sidney [32], [33], Kadane Vi(b) Vie)

and_Simon [23], and Glazebrook ar_1d_ _Gittens [14]. However, if the preference relation is so defined, then the conditions
Firstly, we recall the relevant definitions and results from [28]. L%-(b) < V(c), {b} = {c} would imply that- < b. This is the opposite

S = {L,....n} be aset of jobs to be sequenced. [febe acost ¢\ pat is required for the consistency property (19) to hold.
functionthat assigns a cost(«) to the schedule:. The precedence In order to obtain a preference relation that satisfies the consistency

relation constraints are represented by a (diregieejedence graph ,herty (as well as the other requisite properties), we replace the se-

G = (S, R), where the nodes ifi correspond to the jobs and an ary encing functiord” with the sequencing functiofi’ defined as fol-

(i, j) € R corresponds to the precedence constraint, denotedj, o5 For any schedule = (a1, ..., a..), define thereverseof a,

that jobi must precede jol. A complete scheduleis feasibleif it is denotedt’, by a’ = (a, ..., a1). Then define

consistent withR; it is optimalif it minimizes f(-) over the set of all ’

feasible complete schedules. Precedence subgi@phs (Si, R:) ﬁf(a) =V(d). (21)

andG, = (Sz2, R2), with S1, S, disjoint, arein parallel if whenever )

i € Gy andj € G-, then(i, j), (j, i) ¢ R. Aninitial (terminal) Also, given a precedence gragh = (S, R), letG’ = (S, R') be

subset of(S, R) is a subse’ C S such thatifi € ', then every ihe reverseof G—ie.,(i,j) € R & (j, i) € R'. Then, a com-

predecessor (successor)id$ also ins'. plete schedule satisfies the precedence constraints specified by the
The following definitions extend the interchange argument approagfscedence grapfi if and only if’ satisfies the precedence constraints

used in the previous section to the contextin [28]. The sequencing fU@B‘ecified by the reversed precedence gr&@phThese definitions lead

tion f is said to have thstrong adjacent sequence interchange (strong, tpe following equivalency result, the proof of which is immediate
ASI) propertyif there exists @ransitive“preference” relatiors defined  5ng therefore omitted.

We extend the results in Section Il to include the situation when the(li
may be precedence constraints among different tests, expressed

on all pairs of schedules such that Lemma 2: A schedulef is an optimal solution to the sequencing
, problem associated with the sequencing funcfiorand precedence
b2 ce flabed) < flacbd),  Va,d. (A7) graphG if and onlyift' is an optimal solution to the problem associated

_ o _ ) with the sequencing functiori’ and precedence gragi?j.
The sequencing functioffi is said to have thstrong series network  Thus, from the above result, it suffices to work wiH instead of
decomposition (strong SND) propeifywhenever{b} = {c}, then V.In place of (9) and (12), we have

F () < f(e) = f(abd) < f(acd), Ya, d. (18) V' (ab)

=V'(b) + ¥ (b)V'(a), (22)
V' (abed) — V' (achd)

- {V’(b) [%(c) = 1] = V'(e) [0(b) - 1]}5(51). (23)

(f, =) is said to have theonsistency propertywhenever{} = {c},
then

)< floy=b=e (19)
o _ It follows that:

The preference relatiot is extended to sets by saying tHat< C _ _
if and only if b < ¢, whereb andc¢ are the minimum cost feasible o S Ye) =1 _y(h) -1
permutations ofB andC, respectively. The seB C S is calledp- Viabed) < Vi{achd) < Vi(c) < Vi) (24)
minimalin G = (S, R) if B is a nonempty initial set it andB < C'
for every nonempty initial sef’ in G. A p-minimal set for which no Thus, the strong ASI property will hold provided we UEé as our
proper subset is-minimal is calledy™-minimal sequencing function, and we define the preference relation by

Monma and Sidney [28] presented the following algorithm.

& “’Q"'),_l < v =1 (25)
Decomposition Algorithm: Vi(e) V(b)
Step 0 (Initialize) Set v to be the empty
permutation.
Step 1 (Decompose) (a) If S = { then stop;
v is an optimal permutation. (b) Else,
find a p*-minimal set Uin G=(S R).
Step 2 (Sequence) Find an optimal permuta-
tion w« for U. Set wv := wu. Delete U from
G and go to Step 1.

It is straightforward to verify that with this definition, the strong SND
property and the consistency property also hold. Note that the numera-
tors in (25) have the same sign as that of the risk-sensitivity parameter

)/.

We summarize the above results as follows.

Proposition 2: For the sequencing functidri’ and associated pref-
erence relation (25), each of the strong ASI, strong SND, and consis-
tency properties hold.

From Theorem 3 and Proposition 2, we obtain the following result.
Theorem 3 [28]: Assume that the strong ASI, strong SND, and con- Theorem 4: For the MEF problem with # 0 and precedence graph
sistency properties hold. Then the Decomposition Algorithm producés a complete scheduteis optimal if and only if it is the reverse of a
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schedule produced by the Decomposition Algorithm with precedencgl3]

graphG’ and preference relation (25).

Example 2: Consider Example 1 but suppose we add the prece[14]

dence constrai® — 3—i.e., that component 2 must be tested prior

to component 3. Obviously, the schedule (1, 2, 3) remains optimal fofi5)

—o0 < v < 0.1869. However, it is not obvious which schedule is

optimal for larger values of since none of (1, 3, 2), (3, 1, 2), (3, 2, [16]
1) are feasible. A direct numerical investigation reveals that (1, 2, 3?17]

is in fact optimal for—oco < v < 0.2119, and (2, 3, 1) is optimal for

0.2120 < v < oo.

Remark 5: Using analogous arguments, it is possible to show thaf18]

the decomposition results are also applicable to the INF problem witl

precedence constraints.

Bioj

Remark 6: The properties introduced in [28] and used here, i.e., the
strong ASI, strong SND and consistency properties, guarantee opti20]

mality of sequences obtained via modular decompositions; see [28] and J0.
21] W.B. Joyce, “Organization of unsuccessful r&d prograniSEE Trans.

references therein. Althougli -minimal sets can be found in polyno-

mial time for some problems, to our knowledge, this is an open issugy]

for problems with exponential criteria [28].
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