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ABSTRACT

In this paper, we present a simple updating algorithm for recursive
adaptive filters. The approach used is indirect in that the error betweer
the desired signal and the output of the adaptive recursive filter (the
output error} is related to the error between the desired signal and the
output of a two input-one output finite impulse response filter, The
minimization of the former error is sought by minimizing the latter using a
more general form of the least mean squared algorithm. Convergence
analysis of the obtained algorithm shows that global minimization of the
output error can be attained, however only suboptimal minimization will be
possible in general,

INTRODUCTION

Widrow et. al. [1] - [5] have made comprehensive contributions in FIR
adaptive filtering. A key element in their analyses is the linear
combiner, Under stationary conditions, the form of the widely used mean-
squared error (MSE) performance criterion is quadratic in the combiner's
weight vector, 1In general, the mean-(2K)th error, K being a natural
number, is a convex function of the menticned weight vector and therefore
carnot have local minima [5]. By using a local estimate for the
expectation operater in the ahove type of error criterion, Widrow and Hoff
{1] formulated thelr well known least mean-squared {LMS) algorithm to seek
global minimization iteratively.

The use of an IIR structure could possibly reduce complexity and
improve performance when compared to all-zero adaptive filters, in those
applications where a large number of MA coefficients are required for the
latter in order to obtain an acceptable degree of efficiency. Such is the
case In those situations where the desired signal, d{k), i3 best described
by an ARMA process on the input u(k), as in (i) a general system
identification mode, (ii) deconvolution applications, e.g., channel
equalization [6], [7] and inverse control [8], and {iii) in certain type of
model following problems [9).

For algerithm development, two main approaches have been employed,
namely descent methods [10] - [18], and methods based on hyperstability
theory as applied to output error identifiers [19] - [25]. With the
descent methods, only local minimization can be guaranteed [147], [16] due
to the generally multimodal characteristics of the MSE surfaces being
descended [17]. Furthermore, the computational load is heavily increased
by the need of con-line stability monitoring and projection techniques for
the auxiliary ARMA process approximating the gradients needed for the
descent, as commented by Johnson [26]. 0On the other hand, the hyperstable
family of adaptive recursive filters emerged as a result of the use of
system identification formulations, for which a vast literature rich in
theoretical results is available, laying down a pattern which has become
the current trend [26]. However, a system identification mode of operation
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25 only a less general, more structured problem than that
filtering, and the translatiocon of results from the
2 1atter carries with it several yet unanswered questions [26].
to the °= cpder to guarantee convergence for the hyperstable
*aularly}; ~e of the characteristic polynomial of the process
s, 2 p”{‘—j N (g required to satisfy a strictly positive real (SPR)
rating d‘Kistcondition has been a severely limiting factor to the use

-pegardec
pti‘i"f‘

wnowled

Th
um?‘;mi{y of algorithms. Notwithstanding these advances for the
this e‘ ramily, an algorithm for IIR adaptive filtering which exhibits

: rstaiiauonal complexity, predictable characteristics, and simple
_eonp ons is yet an unfulfilled need. The algorithm that we

t Condit .
) b:nltl nz:(t tries Lo meet these regquirements.

A TWO INPUT - ONE COUTPUT FIR SCHEME

For clarity sake, let us focus initially on a deterministic system
neme, where the desired signal, d(k), is assumed to be

ptification SCf
yasonably modeled Uy the general ARMA process given below

¢ o, N ,
bj ulk=3) *.E aj d{k-1) (1)
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using delay operator netation

- 1 - .
e = Batamly ulk) ¢ AkglaT!) 8lk) (20
where u{k} is an input signal to be applied to the identifier too, and

Eg(q_” = by a0+ bpag q-(nH) 4.0+ byl n<m (23

where ¢ F denotes a delay operation of p samples, i.e., q"D u{k) = ulk-pi.
Other delay operators are similarly defined. Neither the coefficlents, bj':r

B and z;'s, nor My and Ng are assumed to be known.

Let yu(k) denpote the response of a FIR filter of order M to the Inpu:
ulk), that is

. _ (4)
bj U(k“J)
0

yulk) =

J

[ 4

' Now, let ¥4lk) be the output of another FIR filter of order (N-1) having a
one step delayed version of the desired signal as its input, as shown below

1

yq(x) =NE Bpeq ¢llk=1) = p) = § 2, dalk-1i} )
p=0 i=1
Augmenting the output signal in (4) by (5), we define
Yalk) = yulk) + yq(k)
i; Mo~ N .
4 =j§obj ulk-3) +1Z1ai d(k-1) (6)

¢r in operator form
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A
yalk) = Brota™ ") u(k) + An(g™T) ak) (7
The error of yy(k} with respect to d{k) is given by
e(k) = d(k) = yalk)

»
ak) - B i) - As(q']) dik)

(1 - Aya D at - 3% ut) (8)

Note that (8) is linear in both ﬁ;(q‘1) and gg(q'I), thus (7) can be viewed
as a two input, u(k) and d(k-1), one output, y,{k), FIR filter, Minimizing
{8), say in a MSE sense, and given that (7) has enough complexity to span
all the modes of (1), that is if M > Mg and N > Ny, then (1) can be
approximated by (7). Moreover, the coefficients of (7) will constitute
estimates of those of (1), where the latter processes is viewed as having
(M - Mg} and (N ~ Ng} higher order MA and AR coefficients, respectively,
equal to zero.

An important fact to be realized is that {(8) will be linear in the
coefficients of (7} regardiess of the nature of d(k), and regardless
whether M > My and N > Ngq. Hence the form of (1) is not a necessary
assumption for the process d{k).

Another way tc reallize the FIR characteristic of {7) is to compute
¥alk) by means of a linear combiner, Defining the vector of parameters as

=[ E | ¥

o)
o =)

el
by

—

. a7 (9)

r
=

13}

W
ae]

and the information vector as

]

X(k) = [ Uk) | Dtk-117T

Culk) uk=1) . . . ulk-M} | d(k=1) d(k-2) . . . at-)1T (10
then (7) can be rewritten as
yalk) = BT xt) = xTk) § (n

The structure of (11) above can be viewed as an extrapolated version of the
linear combiner used by Widrow et, al., where two tap delay lines are used,
instead of one, having as inputs d(k) and u(k), to form the twc blocks
constituting (10).

Parallel to the single tap-delay line case, the optimal vector of
coefficients, denoted gf, for any values of M and N and for general d(k},
is given by

8 - (el XTGONT (Blato X(0T) (12)

Equation (7) is sometimes called the equation errcr in a purely system
identification setting [26] where (1) holds, which is actually an abuse
since equation error formulations cover a broader scope of identification
problems besides this cne [27]. The applicability of (7) to more general
minimization problems, as commented above, is a commonly overlooked fact.
In the following discussion, the IIR adaptive filtering problem is related
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5 algorithm is presented which is capable of seeking for the optimal
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A CONCEPT OF ERROR BY KALMAN

Let £{k} be an arbitrary ARMA process as given below

M N
coey = vy ulk=g) o+ § o8y flk-id 0
=0 i=1
:n cperator notation
i) = Tﬁ (g=1) uk) + Aa(q—1) £l (16)

~re time domain transfer function for the process of (14) is given by

£ik) 1§ (a1
. (15)

k) 1= Ay @

Now, given a preocess ¢(-) that is arbitrarily correlated with u{+), the
sutput errer is defined as follows

ECED

dfk) = £{k) = dik) - ulk)
1 - A“N (q_1)

61{kJ

[1 - alyla M 1d) - Tg(q“T)
= ; u(k) {(16)
1 - ﬂN (q" )]

vete that (15) ané (16) share the same characteristie polynomial, Hence,
minimization of eg(k) results in a nonlinear problem in the §i's
cuefficients., However, we can see that a related erreor, es(k), defined as
the rumerator of (16)

0

ealk) = [1 - mgla™ 1) 1atk) - thta™) ui an

is linear in both the vj’s and §;'s coefficients.

The minimization of (17) is a much more amenable task than that of
£), and we may use the former as an indirect approach to the latter.
early, if es(k) can be made equal to zero, ey(k) will go to zerc as well,
nce {16) results for passing ep{k) through an AR filter with denominator
J(q_1J. Similar filtering of a linear-in-the-coefficients error is
ind in current IIR adaptive filtering techniques [26]. This relation
ween (16) and (17) has been known for some years to the systen
ntification community, specially as related to batch processing
fhniques [28], [29] and was first suggested implicitly by Kalman in 1958
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1. Sometimes, {17) is called the equation error. For the sake of
avoiding confusion, we will refer to it hereinafter as the Kalman error.
%ole again that no particular a priori assumptions about the nature of the
correlation between d(+) and u(+) is needed.
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THE EXTENDED LMS (ELMS) ALGORITHM

If batch processing techniques are used to minimize (17), say in a
least squares sense, all that is needed i35 to collect sufficient
measurements of d{:) and ul{-+) such that a nonsingular set of normal
equations can be stated {29]. However, if the MSE iterative minimization
of {17) is desired, for the adaptive version of (13), the problem that (17)
is not directly measurable from access to d{k) and f{k) is encountered, but
{17) is needed to estimate the performance of the minimization. Comparing
{17} and {8) we realize that these two eguations have identical form, hence
{17) can be generated by use of an auxiliary adaptive filter of similar
structure as that of (7). With this in mind, the method of steepest
descent can be used, such that {12) can be sought iteratively.

Parallel %o [1], the following approximation is done
EL(e2(k))2] & {en(k))2 (8
which Is used in the computation of the needed gradients

v {El{ep(k})2)} £V {(epik))d]
i 73

= =2 ep(k) ulk) g7d
= -2 eplk) utk-3) ; J=0, 1, .., M (19a.

v {EL{ep(x))2]} 2 ¥ {(ep(k))?)
¥ §3

= =2 ep(k) dik)g™i
= =2 eo(k) dlk=i) 3 i =1,2, ..., N (195}

Hence, the resultant updating equations are, with u > 0

Ti(ke1) = Yy(k) + 2 b oep(k) ulk=j) ; i=0,1, , M (20.a)
§1(k+1) = 63(k) + 2 u eplk) dlk-1) ; i=1, 2, . N (20.b)
such that
ex(k) = dlk) - XT(k) B (21)
is minimized, with E(R) is a3 in (10} and
Bl = [Y(k) .« . Yulk) | st L. sy IT (22)

defining the output of the auxiliary two input-one cutput adaptive FIR
filter. Note that a 85 = 0 coefficient could have been included in (13),
such that for N = 0 f(k) becomes a MA on u{k) alone and (20) reduces tc
(20.a), which is the classical LMS algorithm. Hence this latter algorithm
is an interpolation of {20}, and we will refer to (20) as a extended LM3
(ELMS) algorithm. The structure of an IIR adaptive filter using (20) to
tune the coefficents of (13) such that MSE minimization of (17) is sought
is shown in Fig., 1.
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Next, we examine the convergence properties of the ELMS algorithm
studying the characteristics of the indirect MSE minimization of (16)
through the minimization of (17) as described above.

CONVERGENCE ANALYSIS FOR THE ELMS ALGORITHM

As menticned before, even though the system identification is only a
particular mode of coperation for an adaptive filter, it is advantageous to
analyze the behaviour of the filter under these conditions so that
theoretical results can be drawn from the systems identification
literature. In this spirit, for the convergence analysis of the ELMS
algorithm, the approach to be followed here is to show that it can be cast
inta a more general equation error parameter estimation formulation [27],
hence allowing the interpolation of the results obtained for this broader
problem.

Equation error parameter estimation

The equation error formulation of parameter estimation is amply
documented in [27]. The system under identification is assumed to be
realistically modeled by the linear-in-the-parameters relation

yik) = @l (k) = xT(k) <] 23)

between the input information vecter X{k) and the scalar output y(k), where
2 1s a vector of parameters. This formulation has been extended to the

rulti-output case by Johnson [31]. The identifying model is of the form
A~
yik) = XT(k) alk) (24)
where @(k) is the kbh approximation of @.

Clearly, an ARMA process such as that of (1) can be cast into the form
of (23) by defining

‘\_"'} = [bo ‘D1 P bMd | a1 32 “ae aNd]T (25.3)
Xad = [ulk) ulk=1) ... ulk=Md} | d(k=1) a{k-2) ... d(k-Ne)]T {25.1b)
then a(k) = xT(k) ¢ (26)

and the identifier would be
~
dk) = XT(k) Blk) (27;

“t 1s clear that (27) and the adaptive auxiliary filter used to computer
ex(k) in (21), are of the same form if M = Mq and N = Ny for B(k) in
{22)., Given enough complexity for this auxiliary filter, and since {75.a)
¢an be augmented with (M - Md) MA and (N - Nd) AR zero coefficients, we may
@35ume M = Md and N = Nd without loss of generality.

Following the notation of {11), ya(k) instead of d(k) will be used
Subsequently for the identifier of (27). Thus, we have that

ea(k) = d(k) - yu(k)

Ty g - xT(k) 8tk (28)

i

xTte) Bk



where  Blk) = g - Blk) (29

Perfect Measurements case. If the input and the desired signal can %e
properly assumed to be measurable without any error, i.e., they are noise-
free, then in [27] the following gradient descent algorithm is proposeqd te
update 8(k) such that (28) {s minimized

Btke1) = Bk) + 2 Rlk) eqlk) X(k) (30)

where R(k} is a (M + N + 1) X (M + N + 1) symmetric weighting matrix.

By using (28), and subtracting (30) from (25.a), the following
identification-errcor system is obtained.

Bike1) = (1 - 2 R(KD X(k) XT(k)] Blk) (31

where I denotes the identity matrix. For (31) above, it can be verifier
that @g = 0 is the only pessible eguilibrium point, for a general input,
and thus a candidate for a potentially asymptotically stable point in the
large [27].

Choosing the weighting matrix E(k) to be

Rk) = p 1, ue /)‘?. u 20 (323

then (30) can be decomposed into Lhe form of the ELMS algorithm of (20},
By constructing & scalar function 'J(Q,k) given by

Vg, k) =BT Bik) (33)

it is shown in [27] that this function will be a Lyapunov function for the
free system of (31} if

LTI G —— . ¥ xe ANU{0] (34)

ATGOx k)

Then, by the Lyapunov Stability Theorem [27], we will almost always have
the following convergence condition

A .
(k) ====> 9, k -0 )
regardless of theﬂinitial estimate B(0}. This condition is almost always
true because if ‘@(k} and X(k) are Orthogonal, then eos(k) in (28) will be
zero when ’Q"(k) # 2. To aveid this situation X(k) must be sufficiently
rich [261, [27].

Clearly, if M > M4 and N > Ny for the adaptive version of (13) depicted
in Fig. 1, then given (35), eplk) -->» 0 asymptotically, and from (16) and
(17), £k} -->» dlk} asymptctically as was our ultimate goal.

Noisy measurements case. The problem of identifying 0 in (26) becomes a

stochastic estimation task if d{(k) and u(k) can only be measured in the

presence of additive noise, that is, if the measured signals are of the
form

dp (k) = d(k) + v{k) {36}
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upik}y = ulk) + n(k) (37)

where v(k) and n{k} are independent, zero-mean random sequences. Define
the measured information vector as

ymiky = [uplk) ug(k=-1) ... up (k=M | dp(k=1) dp(k-2) ... dp (k-N)IT  (38)
The equation above can be rewritten as
Xp(k) = X(k) + N(k) (39)
with ¥(k) being the perfect measurements information vector and

W) = [nlk) nlk=1) ... n(k=M) | vik=1) v{k=-2) ... v(k-N)1T (40)

then the identifier of (27) becomes

Ya,m(k) = Xnlk) B(K) (41
and en (k) = 000 = Xy B(K) 42)
csllowing the developments in [27], define

(NGO NGO = g (43)

E[x(k) xT(k)] = g (44)
If the following conditions are met

E(X(k) NT(k)] = 0 (45)

E[vi{k} N{k}] = O (ue)

Elx(0 Ty | Gk = g

A
wnere (47) is a conditional expectation, and if g(k) in {22) is updated
oy means of the following algorithm

-
lkep) = B(k) + 2u ep p(k) Xplk) (48)
or equivalently

Yj(k + p) = Yj(k) * 2 poep k) uplk-3), 0<J

1 2ad

M (49.a)
g1k + p) = 87(k} + 2 w ey plkd dplk-1), 0 < i g N (49.5)

Lhen the mean convergent parameter estimates, if they exist, are
. ’ o~ A -

lim {e[8(k)]} 2 8lee) = (2 + 1)t 20 (50)
W00 - - -
“here the value of p in (48) ls chosen to uncorrelate [ X(k) Ty 1 with
Zlx}, so that (47) is satisfied. -

_Restricting to the commonly assumed situation where the input ulk) is
reasured perfectly, and the desired signal is measured in the presence of
Zero-mean white ncise, then (40) becomes
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N(k) = [00 ... 0] vik=1) vi{k-2) ... w{k-N}]T (513

where v(k) is now a zero-mean white random sequence. Clearly (45} and (4§
are satisried, and

(=]

i
i
-
- i
i

[ Jel

(52)

jo

bt

where Iv = diag {e?} ,
is the autocorrelation matrix of ¥V = [v(k~1) w{k-2} ... v(k-N)1T.

Let's examine the condition in (47). First note that é‘(k) depends con
Xy{k-p) through (48), and due to the IIR characteristics of (1), dlk) will
depend on all previous values d(k-1}), d(k~2), ..., d{0). Thus even
asauming that an appropriate choice of p in {48) uncorrelates the part due
te ul-} in X{k) and X{k-p), this will not be possible for the part due to
d{-). However, if the system is to be stable, the effects of the value of
the output at any given instant in time over future values must die out
asymptotically. Otherwise the output would diverge as k —->00 . Hence, it
is possible to choose p in (i48) such that (47) is satisfied within a given
range of accuracy. If p -+»o@, (47) is satisfied. By choosing a finite D,
(50) would constitute an approximate formula for the biasing in @(m).

The inportant conclusion from the above comment is that whenever there
is noise present in the measurement of d(k) and u{k), the estimates for o
obtained through (48) will be biased. Thus the adaptive filter depicted ir
Fig. 1 will yield a subcptimal minimization of (16) when updated using
(ug).

Recall that it was said that the mean of the estimates for £ obtained
by use of (48), given (45) - (111) are met, would be given by (50) if there
exists a steady-state value for g(k). The proof of the existence of such
a value is not a trivial task, and in [27] conditions are given for the
case when u is replaced by a vanishing step-size. However, preliminary
simulations show the convergence of (48) for constant , at least for
relatively high signal to noise ratios. Further studies on this issue are
being undertaken,

SUMMARY

We have shown that the ELMS algorithm can yield global minimization of
(16), given three conditions: (i) the desired signal is generated by an
ARMA process as described by (1}, (ii) enough complexity is provided for
the adaptive filter to span all the modes of (1), and (iii) there is no
ncise present in the measur‘ej‘nenbs. IT one or both of the first two
conditions are not met, then S K) will converge to (12}, minimizing
lobally (17) but not (16). 1If only the last condition is not met, then
%(CD) will constitute a biased estimate of (25.a). The last two situations
result in a suboptimal performance of the adaptive recursive filter.
However, the low computational complexity and the simple conditions
required for the ELMS algorihtm makes it appealing as a substitute for the
LMS algorithm in those applications where the latter has proved of use, but
a large number of tap weights are necessary,
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