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A COMPARISON OF THE EQUATION ERROR AND QUTPUT ERROR APPROACHES
IN ADAPTIVE TIR FILTERING

EMMANUEL FERNANDEZ-GAUCHERAND* and JOHN ¥. CHEUNG

School of Electrical Engineering and Computer Science,
University of Oklahoma, 202 W. Boyd, CEC219, Norman, 0K 73019.

ABSTRACT qzatimerrorca-nepthasbeen"mdisowered" in
some occasions, e.g. [9).
In a systems jdentification scheme, the
equation error formilation of auto regressive

moving average (ARVMA) jdentifiers can be viewed TI. DESCRIPTICN OF THE POUATION AND OUTPUT ERROR

in a dual way. Itisshwnthattheequatim PROCESSES
errorproceSSgeneratadinthiswaycanbe
expressed as a recmsive filtering of the inner Iet us assume that the desired signal
product between the parameter estimation error provided to the adaptive filter is satisfactorily
vector and a suitable information vecter, as it modeled as an ARVMA process of the form
hasbeens'rmthatisthecasefortheaxtput M

: oror process. Thus, the sinmilarities arising ak = Y @) uk) + A (@l ap D

i between two corresponding solutions to adaptive

: infinite impulse response (IIR) filtering or

cbtained via these seemingly different approaches M

: are exposed. Computer simulations are provided ax) = Bp@h u(k)

: tofurtheraldmgain.in; insight of the —

;, cimilarities, and differences, between the two 1-a%qh (2)

i approaches.

u(*) is the exciting signal, B'g(q'l) and
AN(g™1) are polynomials of the form
I. INTRODUCTION M
) By (@) =bg + by g1+ oty @
The equation error approach, as applied to i

recursive identifiers, has been extensively A'}l (@) =ap g+ ay g2+ ..
{ studied within the systems identification
comminity since its introduction, in implicit +ay qh (4)

form, by ¥Xalman in 1958 [1]-[3]. Though, it
remained relatively unexplored by the signal

b

'f processing commmity until recent years, when it arnd g~ denotes a delay operator, j.e. x(k) g7 =
has been employed both in batch (4] and adaptive %x(k-3). Assume £(°) to be an equally dimensioned
(5]-[7] processing schemes. The concept of the static identifier for the process d(*), that is
equation error can be viewed from two . AN
ints, namely as the difference between the fk) = B"g (g3 ugk) + Ay (gL £k {5)
outpats of the unkoewn system and a two-
input/one—output nonrecursive identifier, or as a or
particular smoothed version of the "ouatput AM
error", i.e. the difference between the output of f(k) = BO(Q"l) u(k)
| ﬂmemﬂplataxﬁthatofaneq\nllystmcm:ed N
| identifier. Johnson [8] used the first point of 1A (8)
i view above to argue in favor of output error
i techniques for IIR adaptive filtering, such as AM ,.
the hyperstability based sclutions, because Of where BYq™) and Al¥(g-1) are polynauials in the
the structural compatibility for the plant estimates by and B3, defined similarly as (3)
| generating the desired signal and the identifier and (4), respectively. For this identification
(i.e. filter). However, great similarities can scheme, the output errcr is given by
be drawn between the twoapproachesbyusi.ngthe
i second viewpoint to eguation error previously e(k) = d(k} - £(k)
. mentioned. It is interesting to note how the “N AM
= 1- Mg am - BHg) ulk
i sNow with the Department of Electrical amd 1-1?}'(:1'1) (7}
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~ ~ a
Defining BY(ql) and AY(g}) as polynomials of
the form (3), (4), respectively, in pammgtzr
estimates error coefficients by = bs-by and‘a; =
aj-4;, then (7) can be rewritten as 8], [10)

ety = BV (gD utn + 2N (@) £(k)

- (8)
This last expression shows the ITR nature of the
output error process. Also, defining the
parameter error vector as
—~ -~ o~ o~
= (bo by +-- by | 3 By --- 27T (9)

and an information vector containing values of
f(-) as

Xe(k) = [u(k) uk-1) ... u(k-|
£(k-1) £(k-2) ... £M)]T (10)
then e(*) can be expressed as
P
e(k) = 1 87T Xg(k)
1-20(qh) 1

which shows that e(*) is generated as a purely
auto regressive filtering of_ an input signal
cbtained as the inner product 6 Xg(k).

For the same identification scheme of (2)
and (6), the eguation error is defined as the
mmerator of (7), that is [7], [10]

£ (k)

(-aN @)1 et

am - BYa Y um + A dm)
=BM @D ux) +AY (@ am
(12)

Note the dual way in which £(*) can be thought
of: on the one hand as a swoothed version of
e(*), and on the other hand as the difference
between G(*) and the output of a two-input (u(*)
and d(*)) one—output transversal filter, as
evidenced by the first and second expressions on
the right-hand side of (12), respectively. Aalso,
carbining (11) and (12) we obtain

£00 = 1A% Y] BT xe00
1-aY(g ). (13)
'mus,bothequationarﬂmtputermrcanbe
viewed as the response of particular recursive
systsrstothesanehp.ltﬂ"rxf(k),arﬂthae
recursive systems both possess the same

eigenpolyncmial as the system under identifi-
cation.

III. ADAPTIVE ALGORITHMS

In a deterministic enviromment, two
solutions can be found in the literature for the

problem of algorithm development in adaptive IIR
filtering. The first one, based on output error
techniques, is the so called simple hyperstable
adaptive filter (SHARF) [B], which takes the form

Bik+1) = B(k) + 1 Xg () V(K) (14)
where als a vector of parameter estimates of the

form of (9), and v(k) is a smoothed cutput error
of the form

|

vik) = [1-cfg™) e(k)

e ~k
=[- Ioc ™ etk (15)

The step—size g can be chosen as some small
positive constant, or for normalization as the
reciprocal of ¥y inner product with itself [6],
[7]. Using (11}, we rewrite (14) as

G(ke1) = B(K)
+pxet 1ePial] 8T xeo)

-l
(16)

As a sufficient condition for stability of (16),
the ¢y coefficients in (15) must be selected such
that

H(gY) = 1<f(gY
1-aVa™ (17)
is strictly positive real (SFR) [8].

The second solution is based on a gradient
descent of the quadratic hypersurface generated
by (12), and it takes the form [7], [10]

Blkt1) = BK) + p X0k} (K)

=00 + kX [N h)] 6T xe 00
1-Ygh
(18)

where X3(k) is defined similarly as (10), but
with values of d(*) instead of f(-). Since the
camponent-wise equations arising from (18) use
only input signals for the estimated gradients,
they resemble those cobtained for the IMS
algorithm. Thus, we may call (18) an extended
IMS algorithm (EIMS).

The similarities between the two approaches
presented above are clear by camparing (11) ard
{12) for the dynamic description of each process,
and by comparing (16) and (18) for the
corresponding adaptive algorithms. Also, from
{12) and (15) we see that both algoriths seek to
minimize a smoothed version of the cutput error.

IV, COMPUTER STMULATIONS

For the algoritims of (16) and (18), several




\ects  can be e_xamined,_ e.g. convergence
anaracteristics, input sufficiency, sensitivity
o t noise, etc. [7]. To do this in a
eamewhat formal way, the examples presented are
drawn from the jiterature pertaining to the SHARF

solution.

le I: the case to be considered here is
%ie:%?;m a paper by Johnson et al. [11]. A
white Gaussian 2erD mean sequence u(-) 1is
filtered by a second-order system with poles
located at z = 0.9 /230, in order to generate the
desired signal. The time—domain transfer
function of the filter used is given by

'd_[)_(_l = 1
u{k)  4.1.5588 "1 + 0.81 72 {19)

an equally dimensioned, equally structured
adaptive filter (identifier) is il{litialized with
its poles at 2 = £ 0.5, i.e. 233 (0) = © ard
a,(0) = —0.25. Figure 1 shows the parameter
estimate trajectories for both SHARF and EIMS,
where one smocthing coefficient cy = 0.99 was
provided for the former to aid in its cornvergence
(71, while cbeying the SFR condition for (17).
™ , EIMS still converges faster and smocther
than SHARF. Figure 2 shows the case when the SFR
condition for SHARF is trivially satisfied, i.e.
H(g"l) = 1 in (17). Even though the trajectories
cbtained using SHARF are smoother than before,
its convergence rate worsens. An arithmetic
average of 500 learning curves for the squared
errors associated with Figure 1 are shown  in
Figure 3. Both algorithms are seen to minimize
the mean squared error to 2ero, but EIMS does it

adaptive filters instead of basic transversal
ones is the possibility of drastically reducing
the mumber of adaptive coefficients, while
maintaining a similar performance. Figure 4
shows the 1 j curves for FIMS and a 9 tap
transversal filter adapted using IMS. It is
clear from this figure that the advantages of the
first method over the second onpe are MImMEITRIS.
For the case when the available measurements of
d(*) are corruped by (white) additive noise, both
EIMS [7) and SHARF (8] yield biased estimates.
However, the latter shows a greater insensitivity
to noisy measurements than the former. As an
example, the "learning" curves for the ratio of
the squared errors are shown in Figure 5. As it
can be seen, for high signal/noise ratios, both
algorithms perform very similarly; lut as the
sigral/noise ratic drops, the performance of ELMS
worsens as compared to that of SHARF.

Darple II: Johnson and larimore [12] studied
the reduced order modeling case of a second order
plant and a first order identifier. For this
case, the mean squared error surface is multi-
modal, i.e. it has both local and glchal
minimms, Thus, gradient search techniques are
ill-fated in general. Specifically, let the
plant have transfer function

d(x} = 0.05 - 0.4 g1
u(k) 1-1.1314 g1 + 0.25 g2

(20)

63

and let the adaptive filter/identifier have the
following structure

£k) = DK
ux) 1-4(x) g1

(21)

Figureﬁshcwsthecmw.lrofthemmalizednean

error surface, as well as the points to
which both EIMS and SHARF corverge [7]. It is
clear then that both are nonrabust . to
undermodelling of the plant.

V. SUMARY

The equation and output error methods for
AR identifiers, as well as their related
solutions to adaptive IIR filtering, have been
succinctly expressed. Their intrinsic structural
similarities have been exposed, and computer
similations have been provided to gain insight in
this respect. Extensive computer similations and
analysis of these and other application areas can
be fourd elsewhere [7], [13}; as well as a block
formilation of the equation error-based IIR
adaptive filter [7] (see also an accompanyirg
Paper) - RTERRKES
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