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Abstract

This work concerns controlled Markov chains with denumerable state space, {possibly)
unhotnded cost function, and an expected average cost criterion, Under a Lyapunou
Sfumction condition, together with mild continuity-compaciness assumptions, a simple
necessary and suffictent criterion is given so that the relative value functions and differential
costs produced by the calue iteration scheme converge pointwise to the solution of the
optimality equation: this criterion is applied to obtain convergence results when the cost
function is bounded helow or bounded above.
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1. Introduction

This work considers controlled Markov chains (CMC) with denumerable stete space
and an average cost criterion. The cost function is (possibly) unbounded and, besides
standard continuity-compactness conditions, the main assumption on the structure of
the model 15 that the Lyapunov function condition {LFC) — introduced by Hordijk in
[14] — holds true. The LFC implies the existence of a (generaily unbounded) solution
of the average cost optimality equation (ACOE), vielding optimal stationary policies. In
this context, the main contribution of this paper is to formulate a simple criterion so
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Perfurniance idex. The dimeing expected) arerage cost at state x €8 under pulicy
7 Is defined by

— I
(2.1 Jiv, s — himoint EMY . oA
okt [:ﬁ:_ s
and
i2.2) S = inf Jv )

i the optimal werage cost al state v. A policy a* is wrerage optinal (AQ) IF v, 7%y =
JHferall ve s

The use of the limit mtertor in (2.1 implicitly assumes an opromistic view point from
the deersion-maker, since what is being optimized is the best perfornance algined by
polcy. Onthe wther hand. an opposite pessimistic view point could be adopied, by using
the limit superior instead in (2.1} However, under Assumption 2.2 below. buth criteria

are cyuiradents see |3).

Optinrafity equation.  To establish the existence of optimal stationary policies il is
necessary to complement Assumption 2.1 with additional conditions [, [19]. {t7). One
such condition is introduced e Assumption 2.2 below. First. ket =€ 8 be an arbitrarii

wd state. foved throughout 1he remainder of the paper, and define the first passige
tme 7 as tollows:

2.5 Fr=minfn > 0] Y,=-0.

where. by the usual comvention, the minimum of the emply setis 2. The next condition
was mtroduced by Hordijk in [14]: see also {1]. [4]. ]3], [6]. | 7]. [9). {10].

Lssumpiion 220 Lyapunov tunction condilion. There exists a (Lyapunov) function
[28 =00 7y satistying the foltlowing conditions (i) (ii):

_: PG all + 2, paadiimy =i forall vESand ve A
.:: For cich vE S, the mupping 11— 3 p JHO = EI[HA)] i continuous in
JEL.

) Forcach fei and ve S, £ AN M[T =l >0 asn-» «

. Nutice that the uborve condition imposes @ growth restriction on the ang-alige cost
__::c:::. Mureover, under continuity and boundedness conditions for the one-slige cost
tunction and a commiticating assumption tunder every stationary policy), it hus been
showirin [7) that the Lyapunos function condition is cquiralent 10 several stabiliny/
ergodicity conditions on the controlled transition faw of the system. Under Assumptions
2hand 22 the averuge coar optimality equation (ACOEY given by (2.4) below has 4
solution yielding an eptinul stationary policy.

Lemma 2.1, Suppose that Assumptions 2.1 and 2.2 hold true. Then there exist
¥ -+ 12 and ¢ € 1 such that (1) () below hold true.

g =J*x) for cach x€ 8,

:: Iy =0 and for some constant ¢ > (), ) S fivptor all vE 5

() The ACOE s satisfied by ¢ and 5i(-). i.c.

ft
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(24 gt =min | Conab+ Y p iy, vE .

(v An opumal stationary policy exists: tor cach v € 8 the right-hand side of (2.4)
considered as a function ol @€ 4 hus a minimizer f*(x), and the correspondin
policy /* € F s optimal.

A prool of this result cun be found in 1 ch. 3]0 see also [6] tor a proof of (). In
addition to this lemma other (somewhat technical) consequences of Assumptions 2.1
and 2.2 will be used: they are stated in Lemimas AL A3 in the appendin. Notice that
gin Lemma 21 s aeniquedy deterniined, simee i is the optimal average cost at every state,
The function /i 1s also unique, as established 10 Lemma A 2(0v).

As already mentoned. the main ebjective of this paper is 1o study the V1 procedure
to obtam approximations 1o the solution (g, 26-)) ol the ACOE. Theorems 3.1 and 3.2
in the next sectson point i s direction and require the following addinional condition.

Asswnption 230 Yoreuch v Ao p (a) =

Remark 2.1
any Joss of generality. since 1t can be obtuined by muking an appropriate transiormation
on the trunsiton law. In facl, suppose that 3 =8 40 CL F» sutislies Assumptions 201

and 2.2 and detine the transtormed transition faw P¥ = p* ()] as follows:

Assumption 2.3 15 reachly verifiable. T'urthermore. it does ner imply

PR =l -1, +xep ta) (va)eSx4. €S8

where 2 € [0, 1) 15 a given number and o, = 1 (resp. Ol v =y (resp. v # 1), Now set
M* o= 8 A COPH wlneh clewrdy satisfies Assumptions 2.1 and 2.3, Moreover, it is
not difficult o see that F50 =10z is o Lyapunov function for 3, so that Assumption
2205 also satstied by WA On the other hand. M and M are equivalent CMC in the
followmyg seose. Let the pair (g, 4} be the solution 1o the ACOE for model M and let
(e* %y he the corresponding pair for model 3% Then G g* =g (by 7% =Mz und
(1 policy £€ 5 s optimal tor model M itand only it £ is optimal for M*. Furthermore,
(dYa policy /€ 1§ s such that, tor all stutes v /o) minimizes the mapping ¢ — Clx. ab+
£ poaandi vy tand only it minimitzes g = Clvoab+ 20 pF M) The transformation
P p* was introduced by Schweitzer in [20): see also [17. pp. 371 373].

3. Main results

Ihis section contains the mai results in the paper. Te begin withe the necessary

netions are introduged.

Definition 3.1 The V1 scheme. i) The sequence [0S »FEjn= L0 1§ of
calue fovation functions is recursively defined as follows: 17 =0 and. forn = (.
(31} Piovi=nun | Clycab+3 poiant’, (1], TES
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(i1} The relurive velue functions R, : § — R are defined by R (x) = Vix)=V(2), for
YES n= 1,012,

(in) For cach x€§ and n €N define the nth differential cost at x by gfx):=
Vix)=F, (x).

Remark 3.1, From Assumption 2.1, a standard induction argument yields that for
each Y€ § and n€ N ([1], {11]), the mapping

a— C(x,d) +MP._.A3Q?\. a}, a€E A4

ts continuous. Therefore, the minimum in (3.1) is indeed attained,
The following are well known results; see [1], [11], [17].

Lemma 3.1, (i} The value iteration functions satisfy

(3.2) Viagy=infEM Y C(X, 4}, ~e&

i=0

(ti) Furthermore, there exists a Markovian policy #° which attains the infimum in
(3.2).

The differential costs and relative value functions are natural candidates to approximate
the solution (g, A(-)} of the ACOE. Consider the following conditions.

Cl. Forall x€ 8, g(x) — g and R,(x) — {x)as n— o0,

C2. The sequence {g,(z)} is bounded, i.e. there exists €10, «) such that |g(z)| £ b
forallneN,

It is clear that C1 implies C2. The first main result of the paper is as follows,

Theorem 3.1.  Suppose that Assumptions 2.1-2.3 hold true. Then (1) and (ii) below
hold true.

(i) Conditions C1 and C2 are equivalen.

(i) Suppose that C2 holds, and that for cach n€ N, policy f, €F is such that, for
each x€ S, 1.(x) is a minimizer of the mapping

(3.3 a— Clx,a)+y p )R (}), a€EA.
Then
(3.4) every limit point of { £,} C Fis AD.

A proof of this result is contained in Section 5. By part (i), establishing convergence
in C1 is equivalent to verifying the — apparently weaker — condition of boundedness
of the sequence {g,()}. This criterion is now used to obtain the following.

Theorem 32. Suppose that Assumptions 2.1-2.3 hold true and that for some con-
stant BE[0, oc), either C(-,-}2 —B or C{-, ) £ B. Then, Cl holds.
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Proof. By Theorem 3.1, it is sufficient to verify C2. With this in mind, suppose first
that C(-, ') Z — B and observe that (see (3.2))

—B+Y C(X, A)
=0

=0 x

Vis)=min E*{ Y C(X,, 4)|z min E*

n—1

—B+min E*| 3 C(X,, 4}|= —B+V, (2

1=0

v

so that F{z)—V, (:) 2 - B, n €N, Since V,(2)—V, (=I5} ¥, _(2)=V._,_{z) for
k=n+1, it follows that

(3.5) Viy—V._()z—k-B, mkeN, n+l2k,

In particular, setting k=nr+1 and recalling that V_, =0,

(3.6) Vizyz —(n+1)B.

On the other hand,

V) =EX| Y Cx,, A)

=0

R

CX,, AMITEn] [+ EF] ¥ C(X,, AMIT > n}
n i=9

7T-1 n

=EX{ Y CXL AV, (T =n) |+ EF| T CUX., A)IT > n} |,

o

where the third equality follows from Bellman's optimality principle. Hence,
T-1

~BEV() -V (D=ET |4 L CUX, A)—(V,_ 2=V, 1 (N IT 1]

=0
+EX WGC\:\::HV n} = V,_ 2)PFIT > n].
=0

Since Tz1, (3.5) yields that —(V,_ \(2}=V,_;(NATEn}S(T-DBI[TEM =
TBI[T £n), and from (3.6), — V,_\(z) £ nB < (n+ 1}B. Therefore,

-1

—BE V)=V, CYEEF|L Y CX, A)+ T BYI[TZn}

i=0

+EF| Y CX,, AMIT > n}|+(n+ HBPF[T > n]
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=1

SEN| T ICX, A)+BU[T <n]

t=0

+EF| Y A(CUX, A)+BI[T>n

=0

T-1
SEF| Y UCX. AN+ B
r—1

SBVDHEN Y (JCx,. 4y +1)
=0

=(BV H(z),
where the last inequality follows from Lemma A.1(i). Hence C2 holds true. Similarly,
1t can be proved that C'(-, ) £ B implies that the sequence of differential costs at - is
bounded. and as already mentioned this completes the proof.

4. Preliminaries

This section contains the main technical results (Lemmas 4.1 and 4.2) that will be
used in the proof of Theorem 3.1. Throughout the remainder of the section, Assumptions
2.1-2.3 as well as Condition C2 are supposed to hold true. Before going any further,
the reader may find it convenient to glance at Lemmas A.1-A.3 in the appendix.

Lemma 4.1, Let b>0 be as in C2. Then, for all x€S5 and ne N, (1} R =
(hV 1Y), and (ii) |g.(x)] £ 3th V ().

Proof.  First notice that part {ii) is a consequence of part (i). In fact, from Definition
3.1 it follows easily that [843) = | R(x) + g.(z)— R,_ {x)} so that (i) implies, via the
triangle inequality, that |g(x} S (BY DI(X)+b+(bV 1}/(x) and the inequality in part
(it} follows, singe /(x) = I; see Assumption 2.2(i). Therefore, it is a sufficient to provide
a proof of part (1), and the following arguments are along the lines used to establish
Theorem 3.2. Notice that [g.(2)| = |V,(z)— V,_(2)| < b for all nEN implies that

k-
(4.1) VA=V 2= Y V, () =V, () <k b
=0
for all non-negative integers # and k with k<n+1; in particular,
{4.2) WV =1Viz)— V)| s(n+t) b

Now let " be as in Lemma 3.1(ii) and observe that Bellman's optimality principle yields
that
T- ]

ENN Y O AT <n)|=ER [V, 0+ ¥ Dk.;_q N7 <n

t=it )

so that
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FA)=ES| Y C(X,, 4,)

=0

T

=ET|SV, 1+ Y CXL AL TTSn [+ EX| Y CUX,, AM{T > n)
=0

and then
-1

V, (=0 + 2 CUX, A T Sx)

=1

| =) = ET

"

FETL =V + Y CX,, AM[T > n)
=0

which combined with (4.1} and (4.2) vields

T~

[VAx)= VA S EX[4b T+ Y IC(X, )| [T 0]

=0

+EX B+ D)+ Y CUX,, AT > n)
t=0

T-t
ShVYDES Y (G, )+ 1],
r=0

and then Lemma A.1(i) yields that |R(x}|=|V.{(x)—= V()| bV DI(x).
To continue it is convenient to introduce additional notation.
Definition 4.1, Define the functions U, L : § — R as follows. For each x €5,

Uixy:=limsupgdx) and L(x):=lminfg,(x}

LE -

By Lemma 4.1, [U(- ). [L( )] £ bV DI(- ). The following two lemmas establish useful
properties of these functions.

Lenmma 4.2, For each x € 8§,

() Liz) 2 Lix)y S V(x) s U2

(i) Let {n(k)} CN be such that nik) »» as k7~ > If lim,_, g,.(z)=L(2), then
lim,_, g, tz)=L(z) forall sER.

Similarly.

(i) If lim, ., g (2)=U1{2) as bk - ., then lim, ., g.., {2)=U(z) for all sE N.

Proof. {i) Let x& § and the positive integer a be arbitrary and select a, € 4 (which
depends on x € §) such that
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P =Clx, a)+ Y poda)V._ (%

see (1) and Remark 3.1. In this case

Y, {x) £ Clx, sIM Pola)V,_o(3)

and then

(4.3)  gdx)=V¥,(x)— ¥, (x) 23 PV (1) = Vo 3= T po (@) ga_i(y).

Now select a sequence {r(k)} of positive integers increasing to <o such that lim, Zonfx)=
L(x). Since {a,,)} C A and the metric space A is compact, it can be assumed, taking a
subsequence if necessary, that

(4.4) Ay — a(x)EA as k— oo,
Then, replacing n by n(k) in (4.3} and taking the limit inferior as & — o in the resuiting

inequality, it follows that

Lix)= ::." inf g, (2) = __.3..*m:“.ME‘:AP;:AHVVN:;T ()
4.5) 23 pola(x) lim inf g.,,-(»)
2} polalxDL{y)

where Lemma 4.1(it) and Lemma A 3(ii) were used to obtain the second ineguality,
whercas the third one follows from the definition of L(y) as the limit inferior of the
whole sequence {g,())}. Setting f{x):= a(x), x € §, it follows that L{x) = NNJER_: for
all x€S§, and then Lemma A 2(iii) yields that Lix) = L(z) for all x& §. Similarly, it
can be established that {/(-) < U(z). whereas the inequality L(-) £ U(-) is clear; see
Definition 4.1.

(ii) By induction, we need only consider the s= | case, which we do next. Suppose
that Itm, g,,(z)=L{(z) and let L'(z) be an arbitrary limit point of {g,,,. (z)}. It is clear
that the desired conclusion will be reached if it is proved that L'(z)= L(z). To verify this
equality observe that without Joss of generality it can be assumed that

(4.6) Lriny1(2) — L'(2) as k — .

In the arguments used to establish part (i) set x=z and take an additional subsequence
(il necessary) such that (4.4) holds with x==. In this case (4.5) becomes

L) 2 lim inf T p., (@) gy ()
{4.7) = Mh:@ﬁ: lim inf g,,_,(¥) :by Lemmas 4. 1(i1) and A.3(ii)
: %

2 Y p. )Ly 2 L(z)

The Vi scheme: necessary and sufficient conditions 995

where the last inequality follows from part (i). Since lim inf, g.q,.\(1) = L(*), {4.7) yields
that

{4.8) _::, inf gy () =14y) i p.(a(z)) > 0C.

Then Assumption 2.3, (4.6) and (4.8) together yield that L'(z}=L(z) and, as already

mentioned, this completes the proof of part (ii), whereas (iit) can be established in a
similar way.

Remark 4.1. The key point in parts (i) and (i) in Lemma 4.2 is that {=(k)} and
{n(k) s}, s a positive integer, are rotally different sequences, in general. The latter is
not a delayed or shifted version of the former.

Lemma 4.3, (i) There exist functions R, : § — R, s € N, such that

(a) |R(HNSBVDI), and

(b) U(z)+ R(x)=min,[Clx, &)+ I, p.(@)R,. (3], for all xES and sEN,
Similarly,

(ii) There exist functions R, : § — R, s € N, such that

() |ROCHNZ BV, and

(b) L)+ R0 =minC(x, a)+ L, F.A&hi_gz forall xeSand s€N.

Proof. {i) Pick an increasing sequence {n(k)} C N such that g,.,(z) — U(z)ask — oo,
and notice that Lemma 4.2(ii) yields that for all s€N

4.9 1M goy-{2)=U(2).

kex

For k large enough, n(k) —s = 0, and the recursive relation (3.1} with r(k) —s instead of
n can be written (see Definition 3.1) as

(4.10) Zoinr- (2} + Rogyy - (x)=min | C(x, E+M.?...§x..;rl¢; .

Now set R,(-) =0 for r<0. By Lemma 4.1(i), {R,,_.(")} is a sequence in the compact
metric space

@110 D:= [] [=(®V D), (bY DI,

YES
so that taking a subsequence, if necessary, it can be assumed that

(4.12) lim Rouy_dx) i = R(x)E[—(bV IH(x), (bV 1) (x)]

ko~ x

exists for all x €5 and s& N. Taking limits as k — ¢ in both sides of (4.10) it follows,
via (4.9), (4.12) and Lemma A 3(iv), that
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o Ry - min | e a4 Y gt (] NES. sEN,

- by (4,121 1his completes the proof of part (i) Part (i} can be proved along the

Same

5. Proof of Theorem 3.1
The prelimmaries in the previous section will now be used to prove Theorem 3.1.

Froof of Theorem 3.1, (i) As already mentioned it suffices to prove that C2 implies
C1. First it will be established that

{5.1} lim g.(x}=g, XES.

[

From Definition 3.1 this is equivalent to U(-)=L(-)=g, which, by Lemma 4.2(i).
reduces to

(3.2} Lin)=Ulz)=g.

4 relation that is verified as follows. Let {R.} and {R.} be asin Lemma 4.3. A simple
induction argument using the equations in Lemma 4.3(i} yields that for each policy m.

I ! d 1 .
i — R(Y) S —- EF A, — EMR,..(X, o , o
:~+:+_xﬁ:\:+_m, _.\Maﬂ:‘ 4) +:+_m:~ (X)) xES neER

Recall now that _.a.,.;_ <(hV IN(-) for all s &N, by Lemma 4.3(i). so that taking the
timit inferior asn — = in both sides of the above inequality it follows, via Lemma A. 1{ii),
that U(z) £ S{x, m), and since policy 7 was arbitrary this yields that U(z) £ J(x). ie.

(3.3) Ui =g,

see Lemma 2.1(i). Now, for each s € N select a stationary policy £, € F such that
L)+ RO = Cle L+ X p SR (), YES

and form the Markov policy := { f,}; since A is compact such a policy exists by Lemma

A1) In this case a simple induction argument yields that for all v€ 8 and neE N,

- I " ) .
L)+ f:u.ﬁ\_ E; M., ClX,, A4) oy Rk

taking the limit inferior as n increases to = in both sides of this inequality it follows
that

Lioy=Jx n)zJ(x)=g

see (2.1). {2.2) and Lemma 2.1(i). Since L(x} £ U(z). the last relation and (5.3) together
mply (5.2) which ts equivalent to {5.1). To conclude. it will be established Lhat
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(3.4) lim R, (x)=h(x). YES.

To verify this observe that, by Lemma 4.1, {R,} C D and that D is a compact metric
space; see {4.11). Therefore. it is sufficient to see that any limit point of {R,} in D
coincides with /. With this in mind, let @ € D be such that
(5.5) lim R, (x)=Q(x), x€S,

ko
for some increasing sequence {n(k)}. From Definition 3.1 and (5.1) it follows that
R(¥)—R,_{x)=g(x)—gl(2)— 0 as n — o, so that
(5.6 lim Ry i(v)=Q(x), YES

[ s

also holds. Next observe that (3.1) implies. via straightforward calculations using
Definition 3.1, that

W;;Anv;rmir.*;.v“3.-:._ m‘nu..DV+M~G,_;-_:...\_A._.H "

and taking the limit as & — = in both sides of this equality. it foliows, via (5.1), (5.5).
(3.6) and Lemma A.3(iv}, that

g+ Qx)=min| Cx, E.TM.P_?:@.E . XES.

Le. the pair (g, 0(-)) satisfies the ACOE. Observing that Q(z)=lim, ., R, (2)=0 (see
Definition 3.1}, Lemma A.2{iv) yields that Q(-)=h(-). In short, any limit point of
{R.{ 1} C D has been shown to coincide with /r(-), and as already mentioned, this
establishes (5.4} and the proof of part (i) is complete.

(i1} Let {/.} CF such that for all x€ 5. nE M and a € A.

(5.7 Tl )+ 3 o (DRI = Clx. @)+ 3 po (@R ).

Now let f€ T be a limit point of {/,} and select a sequence {n(k)} C N increasing to
¥ such that lim, ., f..,= /. In this case replace n by n(k} in (5.7). Taking the limit as
k — 2 in both sides of the resulting inequality, Lemma 4,1(i). part (i) and Lemma
A 3(in) together yield that

Cle. SO+ Y po SR S Clx, a)+ Y p (@i(r), forallx€S, a€ A,
and then f is AQ, by Lemma 2.1{iv).

6. Concluding remarks

In this paper. we studied the value iteration scheme in the context of denumerable
CMC endowed with the average cost criterion and satisfying Assumptions 2.1-2.3. The
main result — namely, Theorem 3.1 — shows the equivalence of C1 and C2, and this
was applied in Theorem 3.2 to obtain that the differential costs and relative value
functions converge pointwise to the solution of the ACOE when the cost function is
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bounded above or below. Although Assumption 2.3 does not imply any loss of generality,
it played a subtle (but essential) role in the argumentation to establish Theorem 3.1; see
the proof of Lemma 4.2(ii). Thus, Assumption 2.3 must be checked before starting the
V1 scheme. If that condition is not satisfied, Schweitzer's transformation should be
performed and the VI scheme must be applied with the transformed model. Fortunately,
this will not create any additional problem since both models are equivalent, as described
in Remark 2.1.

On the other hand, the literature on the VI scheme is extensive and it is important
to point out the main differences between the results in this paper and those already
available; for comments on results obtained under stability conditions different 1o As-
sumption 2.2 — as the (simuitaneous) Doeblin or Scrambling conditions — or applica-
tions of the VI method see, for instance, [11], [12), [16), [5]. [9], [10], {17), [21} and the
references therein. The following remarks refer to the relation between Theorem 3.2 and
other results previously obtained under LFC,

(i) A fundamental paper on the VI scheme under the Lyapunov function condition
is [15), where C1 was established under Assumptions 2.1-2.3 and the following additional
boundedness condition:

6.1} sup le(x)j < ¢,

XES

where the first error function is defined as e(-):= V,~[g +A(-)]. Such a condition is
quite restrictive and is not satisfied in common applications; in fact, it is closely related
to the simultaneous Doeblin condition -— see Example 3.1 and Remark 3.1 in [5).
Theorem 3.2 avoids (6.1) at the expense of assuming that the cost function is bounded
above or below; however, this latter assumption is usually satisfied since, frequently,
costs are non-negative, or at least bounded below. On the other hand, it would be very
interesting to verify whether C1 holds under Assumptions 2.1-2.3 and nothing more,
This problem reduces, by Theorem 3.1(i), to establishing that Assumptions 2.1-2.3 imply
that the differential costs at stat¢ = form a bounded sequence. We have not been able to
prove or disprove such a result up to now.

(ii) In {5}, C1 was obtained under Assumptions 2.1-2.3 for an arbitrary bounded cost
function. On the other hand, in [S], (6.1) was avoided but an additional communicating
condition was required, under which {g,(z), R,(*)} was shown to converge to (g, h) in
the Cesiro sense.

In short, Theorem 3.2 can be seen as a significant extension of the results in [15], [4]
and {5]. As already mentioned, an interesting open problem is to investigate if Cl can
be obtained within the context of Section 2 without requiring a lower or upper bound
for the cost function.

Appendix

Throughout the remainder Assumptions 2.1 and 2.2 are supposed to hold true. These
conditions imply the results in Lemmas A.1-A3 below, which are used extensively in
the arguments contained in Sections 4 and 5.

The VI scheme: necessary und sufficient conditions 999

Lemma A.l. For each policy n we have that:
(i) ENT]S EXELL (ICX, AN + D] S H(x). xES.
(i) Min+ DIESHX,)] —0asn— o, xES.

Freaf. (i) The first inequality is clear. To establish the other inequality observe that
Assumption 2.2(i) and an induction argument together yield, for every policy n, that

EY| XA+ |COG, AT > +HX, T >n+1]| S1(x), xES, nEN;
=0

since /(-) =2 0, it follows that

Tl "

EX 3 L+ICKX, AN | = im EX[ T (1+|CLX,, AT > | < (x).
=0 1=0

n—x

(ii) A proof of this part — using only conditions (ii) and (iii) in Assumption 2.2 —
can be seen, for instance, in [4], [5] or [6].

Lemma A2. Let W:S5 — R be such that | W{( )| < BI(-) for some constant B > (.

(i) ¥or each x € §, the mapping a— Z, p_(a)W(y) is continuous in a € A4.

(i) If fEF is such that W{x) < m&.ﬁk.: for all xE §, then W(x) < W(2), xES.

Similarly,

(i) If for some policy fEF, W(x) = E/[W(X,)] for all x& S, then Wix)z W(z),
XES.

{iv) (Uniqueness of the solution of the ACOE.) Suppose that W, and W, satisfy

{a) |W,(-)|= BI{-), i=1, 2 for some constant B> 0;

{b) W {z}=W,(z)=0, and

(c) W, and W, satisfy the ACOE, i.e.

(A1) g+Wx) =min|Clx,a)+Y p Wiy |, i=1.2 =x€S8

Then W\ =W,

Proof. (i) Let {8,} be a sequence of finite subsets of S with §, ~S as n ~ oo, Let
X € § be fixed. By Assumption 2.1, for each n € N the mappings

a— Y p (@) and ar— Y p(@W(y) arecontinuousina€ A.

YES, vES,

On the other hand, as n ~ a0, I, 5, p, {a)l( ) increases to I, p, {a)i(y), which depends
continuously on a € 4, by Assumption 2.2(ii). Since A is a compact space, by Dini's
theorem (see [8], {I8]). for every £ > 0 there exists an integer n{e) > 0 such that

(A.2) Y opolad(py e for kznle), a€A.
T8

Then, for all k = n(e) and a € A,
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S op A=Y pu@W (| £ Y pota) ()

N = VS

HA

B M pAO(1) £ Be.

X
Thus, as a uniform limit of continuous functions. a ~ Z, ¢ s p. {«} H'( 1) 15 itself a continu-
ous mapping.

(i) Notice that H'(x) < E/[W(X )= WP/ [T=1]+ E [W(X,M[T > 1]]. Using this,
a simple induction argument yields that, for all x& 8 and ne R,

Wix) € WPT<n] 4+ ENW (X, T > n+1]]

A

WAP! [T n]+ BE (X, YT >n+1].

Observe now that P/[T<a]=1 (a consequence of Lemma A.1(:)). so that taking the
limit as # — oc in the above inequality and using Assumption 2.2(ii). it follows that
H(-y = W(z). The proof of part (iii) follows along the same lines,

(1v} Lemma 3.3 in [13] and (A.1) together imply that. for all x € §.

[W(x)— W{x)| S sup ¥ p @) Wil xh— W),

Observing that | H/{-)— W,(-}| £28/(-). the compactness of 4 and part (i) together
imply that there exists a policy f€ F such that

W — 0l £ 3 p (SN O — WO = E/ | B(X) - BUX)il.  <€S.

and part {ii) yields that |W,(-)— W) S| W(0)— Wi(o)|. Then W (-)= V(") follows
since H5(2) = HA(z)=0.

Lemma A3, Let the functions H': 5 — R, and H',: $ -+ R, n € N be such that for
some constant 8 > 0,

(A.3) (W) <BI(-) and |[W,()|<BI(}, neEN.

Also, let la,} C A be such that v, —» @« € 4 as n — «. Then, for each x € 8, (i)-(iv) hold
true.

(limsup,., Z, p (@)W ()X p la)limsup,., W{.

Similarly.

(i) liminf, ., L, p ta)H,(V 2 Z, p(a) iminf,_, (v}
Suppose, additionatly, that H'(x) — W{x) as n — ». for each x& & In this case, for
all £ 5,

i im, ., Z p da )WV =Z p (a)W(1)
and

(V) as m— o,

My i=min| Clx, @)+ p (@W,(1)|—=min| Clv.al+Y p ()W ()| =: M

The VI seheme: necessary and sufficient

1t

Proof. Let the sequences {S,} be as in the proof of Lemma A 2. pick £ 0 and
select an integer n(e) > 0 such that {A.2) holds. For a fixed & = n(o). (A2 and (ALY)
together yield that

(A.4) Y dadW (I E Y poa) W)+ Be.
It rE S,
so that
limsup 3. p (e )W, (y) <limsup 3 p.(@)W,(1)+ Br
nm [ S A
<

£ Y limsupp. (a3 ,(3) + B

rES M

Y pola)limsup W0+ B,

IES ne e

where the second inequality follows from the finiteness of §, and the equality is a
consequence of Assumption 2.1. Since |limsup,_, W, (-} < B/(-) (by {A .3, it follows
that
limsup ¥ p {a)W,(3) £ M p2ola) im sup W,(1y)+28Be

(see (A.2)), and the conclusion is reached, since € > 0 was arbitrary, Part (i) can be
established along the same lines.

Now assume that { W/} converges pointwise 10 W. In this case (iii) is obtained com-
bining (i) and {ii). Te verify (iv), pick &> 0 and a fixed k = n(g). Next obscrve that
Lemma 3.3 in [13] yields that

(M, = M) Ssup 3 po(a W.(3)— W ()|
< sup M P )| W0 —W(1)|+2Be  :see (A2)and (A.3)

4 L ES

T Iy = W(y)| +2Be.
rES

IA

Since 8, is finite and {W,} converges pointwise to W, it follows that
limsup,_., |M,— M| = 2Bt which yields the conclusion since £ > 0 was arbitrary.
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