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ABSTRACT

In this note the conditions used in proving a result due to S. M. Ross and H. M.
Taylor are examined. These results pertain to the existence of bounded solutions
to the average cost optimality equation for controlled Markov processes with an
average cost criterion. In particular, we show how the use of commonly found
convexity (concavity} properties of value functions can be employed to verify a
seemingly rather restrictive equicontinuity condition. In addition, we remark that
several results in the literature can be viewed as special cases of the result by
Ross and Taylor, contrary to claims otherwise.

1. INTRODUCTION

Consider a controlled Markov process (CMP) described by the quadru-
plet (X, U.Q, ¢}, where X is the state space, a (Borel) subset of a complete
and separable metric space, U is a finite set of actions (or decisions), @
is a stochastic kernel describing the distribution of the next state X4,
given the current state-action pair (X, U;), X x U — R is the bounded
one-stage cost function. A (stationary) policy is a rule m: X — U for mak-
ing decisions, such that Uy = w(X;). We refer to [1-4] for more details on
the description of the model.

Given a policy m and an initial state zq, two criteria commonly used to
measure the performance of the system are the discounted cost (DC),

N
T5(zo) := lim E:n{ > BrelXe, Ut)}, (1
t=0
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where 0 < # < 1is the discount factor, and the qverage cost (AC),

N
1
T e : ”
JM(z9) := _._;_,:MHV NiiEn MLwnCD,QL ; (2)
where E7 denotes the expectation operator with respect to the (canonical}

probability measure induced by 7 and zg [1-4). The optimal values for (1)
and (2) above, i.e., their infimums over all policies, are denoted by J5(x)
and J*(zp), respectively. An optimal policy for a particular criterion is
a policy which attains the corresponding infimum value. The stochastic
control problem is that of characterizing optimal values and policies.

For the DC case many results are available, and the problem can be
considered as well understood (2, 3, 5, 6]. On the other hand, for the
AC case there are still many open issues (1]. In this respect, of particular
interest to us are conditions under which there exist bounded solutions
(p*, ) to the average cost optimality equation (ACOE):

bu‘._.iavu_nwsn?,:v +.\ ES@ESH_S_ (3)
uey X

where p* € R, and h: X — R is a bounded function. Building upon results

by Taylor [7], Ross showed in [8} that if a bounded solution exists for the

ACOE, then p* = J*(xy¢) for all zo, and minimizing actions in the ACOE

determine an optimal policy. Hence, conditions under which such solutjons

can be obtained are of much interest; see [9] for some necessary conditions.

2. THE ROSS-TAYLOR THEOREM

Ross and Taylor developed an approach based on the idea of studying
the AC problem as a limit of the DC problem, as 3 1 1. The idea is to
obtain, along some sequence 8, 11,

(1= B)J5,@) = o, )
:m:AHVmUHEHY vz e X, (5)

m.: some arbitrarily selected reference state z € X, and where the differen-
tial discounted cost function hg(-) is given by

ha(z) = J5(z) — J3(F).

C.m:_m the Arzela-Ascoli theorem [10] to obtain a sequence 8, T 1 as
required above, the following was proved, among other things, in [8].
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THEOREM 1 [Ross-Taylor|. If
(C1) {ha} is uniformly bounded, and
(C2) {ha} is en equicontinuous family of functions, then there ezists a
bounded solution (p*, h) to the ACOE, with h(-} a continuous function.

3. SATISFYING THE CONDITIONS

We now turn our attention to conditions C1, C2 in Theorem 1. The
first condition has been well studied in the literature, and there are many
interesting applications in which it is known to be satisfied [1, 4-6, 11-13].
When X is a countable set and C1 holds, then C2 is immediately satis-
fied. However, many applications in e.g., inventory control [5], equipment
replacement [5, 7], and systems with incomplete state information [5, 11,
13] require the consideration of a state space X which is not a countable
set. For the latter situation, very few and rather specific cases have been
reported in which C2 is satisfied, c.f., {13]. We observe that the assump-
tion that X is a (Borel) subset of a complete and separable metric space is
needed for the underlying probabilistic structure to be well defined [1-4].
Furthermore, separability is crucial for the proof of Theorem 1, in order
for the Arzela—Ascoli theorem to be applicable [10].

The paucity of cases in which C2 has been shown to be satisfied can be
traced, to a large extend, to the selection of inadequate metrics for X since
equicontinuity is a topological property determined by the metric used. We
make the following cbservation.

REMARK 1. To verify C2, any metric for X inducing completeness,
separability, and equicontinuity of {fig} can be employed.

As an illustration of the usefulness of the above remark, we mention that
the results in {12] and [14] can be easily shown to be subsumed by those
in 8], contrary to claims otherwise. This is done using a metric introduced
by Platzman [12}, easily verified to be complete and separable in finite
dimensional simplices. Also subsumed are cases in which C2 was shown
to hold in [13, 15}. In the above references {hg} is a family of concave
functions. In these and other similar cases, by using convex analytic results,
C2 may be easily verified as follows.

THEOREM 2. Suppose that (X, ||-||) 5 a complete, separable :elzmm,%n-
tor space. If C1 holds and {hg} is a family of convez (or concave) functions,
then C2 ts satisfied.
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PrROOF.  The results follow via the local Lipschitz property of convex
functions [16, 17] as follows. Let zp € X and € > 0 be given, and define

B(zg,2¢) :={y' € X | |lzo — || < 2e}.

Let 7,y € B(zo, e} = {¥' € X | lzo — ¥l < £}, with z # y, and define

Thus ||xo — 2|| £ l|lzo — zf| + & < 2¢, and then

Iz =4z = llz - yllz + e(z — v)

gy lEoult e v
lx—wll+e  liz—yll+e”

hence z is a convex combination of z, y m B(zg, 2¢). By Cl, there exists a
constant M such that

lhe( <M, WWeX

Now, by the convexity of hg(-),

lz - yll £
hg(r) < %:ENV + glm:m@y

and therefore

ha(z) — haly) < % [15(2) = ho(y)]

2M iz — yll
lz —ull +e

2M
|m|_ __a - S_.

Interchanging = and y, and since o was arbitrary, we then conclude that
{hs(-)} is locally equi-Lipschitzian, and in particular (locally) equicontin-
uous. ]
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REMARK 2. The proof above would also apply if X is a convex open
subset of a complete and separable normed vector space. In fact, X could
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be a countable union of such open subsets, and then a diagonalization
argument can be employed to extract one subsequence along which (4), (5)
can be taken. In addition, only a local analysis is needed in the proof of
Theorem 2, thus C1 could be relaxed to some sort of local boundedness
condition; see [18].

4. CONCLUSIONS

The observation made in Remark 1 and the result in Theorem 2 can be
very useful in verifying condition C2 in Theorem 1. For example, in [12, 14,
18] the results in [8] where deemed as not applicable, and instead the con-
cavity of {hp} was used to invoke (17, Theorem 10.9]. However, the latter
result is simply a version of the Arzela—Ascoli theorem, and equicontinuity
is obtained in a similar manner as in Theorem 2; see [17, Theorems 10.4,
10.6]. Furthermore, the result in Theorem 2 finds applications in other con-
texts also, e.g., see [19]. General conditions for CMP to exhibit the needed
convexity property of value functions can be found in {20]. Examples of
CMP exhibiting this condition are problems with imperfect state infor-
mation [5], some gambling models [6], linear systems with quadratic cost
[5], some inventory control models (5] and problems in Bayesian sequential
analysis [6].
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