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Abstrace: We consider discrete-time nonlinear controlled stochastic systems, modeied by controlled
Makov chains with denumerable state space and compact action space. The corresponding stochas-
tic control problem of maximizing average rewards in the long-run is studied, Departing from the
most common position which uses expected values of rewards, we focus on a sample path analysis
of the stream of states/rewards. Under a Lyapunov function condition, we show that stationary
policies obtained from the average reward optimality equation are not only average reward optimal,
but indeed sample path average reward optimal, for almost all sample paths.
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1 Introduction

There are numerous applications, in many different fieids, of denumerable con-
trolled Markov chain (CMC) models with an infinite planning horizon; see
Bertsekas (1987), Ephremides and Verdu (1989), Ross (1983), Stidham and
Weber (1993), Tijms (1986).

We consider the stochastic control problem of maximizing average rewards in
the long-run, for denumerable CMC. Departing from the most common position
which uses expected values of rewards, we focus on a sample path analysis of the
stream of states/actions. Under a Lyapunov function condition, we show that
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stationary policies obtzined from the average reward optimality equation are
not oniy expected average reward optimal, but indeed sample path average
reward optimal. For a summary of similar results, but under a different set of
conditions as those used here, see Arapostathis et al. (1993), Section 5.3.

The paper is organized as follows. In section 2 we present the model. Section
3 defines the standard stochastic control problem, under an expected average
reward criterion. Section 4 introduces the sample path optimality average re-
ward criterton, and the statement of our main result. After some technical
preliminaries in section 5, our main result is proved in section 6.

2 The Model

We study discrete-time controfled stochastic dynamical systems, modeled by
CMC described by the triplet {8, A, P}, where the state space S is a denumerable
set, endowed with the discrete topology; A denotes the control or action set, a
nonempty cumpact subset of a metric space. Let K := S x A denote the space of
state-action pairs, endowed with the product topology. The evolution of the
system is governed by a collection of stochastic matrices {P(a) = [p, (a}1}ac 4>
ie., P(a} is a state transition matrix, with elements p, (a).

In addition, to assess the performance of the system, a measurable* (and
possibly unbounded) one-stage reward function r: K —» R is chosen. Thus, at
time re Ny = {0,1,2,...}, the system is observed to be in some state, say
X, = x €8,and a decision 4, = a € A is taken. Then a reward r(x, a) is obtained,
and by the next decision epoch t + 1, the state of the system will have evolved
to X,,, = y with probability p, ,(a). Given a Borel space B, let ¥(B) denote the
set of all real-valued and continuous functions on B. The following continuity
assumptions are standard.

Assumption 2.1 For each x, y e 8, p, (-} € €(A); furthermore r(-, -} e ¥(K). O

Remark 2.1: We are assuming that all actions in A are available to the decision-
maker, when the system is at any given state x e §; this is done with no loss in
generality; see Arapostathis et al. (1993), Section 5.3, and Borkar {1991).

The available information for decision-making at time ¢ € N, is given by the
history of the process up to that time H, := (X,, Ag, X,, Ay, .... A,_;, X,), which
is a random variable taking values in H,, where

*  Given a topological space W, its Borel o-algebra will be denoted by #(W); measurability will

always be understood as Borel measurability henceforth.
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H,:=8, H:=H_, x(Ax8), H, ={Sx A,

are the history spaces, endowed with their product topologies.

An admissible control policy is a (possibly randomized) rule for choosing
actions, which may depend on the entire history of the process up to the present
time (H,); see Arapostathis et al. (1993} and Hernandez-Lerma (1989). Thus, a
policy is specified by 2 sequence n = {x,}, », of stochastic kernels 7, on A given
H,, that is: a) for each h, € H,, n,{- |h,) is a probability measure on #(A), and b)
for each B € #(A), the map h, > n,(B}h,) is measurable. The set of all admissible
policies will be denoted by IL. In our subsequent exposition, two classes of
policies will be of particular interest: the stationary deterministic and the station-
ary randomized policies. A policy n € I is said to be stationary deterministic if
there exists a decision function f: S — A such that 4, = f(x) is the action pre-
scribed by m at time ¢, if X, = x. The set of all stationary deterministic policies is
denoted as Iz, On the other hand, a policy = € IT is said to be a stationary
randomized policy if there exists a stochastic kernel y on A given 8, such that for
each B e #(A), y(B|X)) is the probability of the event [A, € B], given H, =
(H,-1, A,-y, X,). The class of all stationary randomized policies is denoted by
Iksp; meXlsp or o’ e Iy will be equivalently identified by the appropriate
decision function f or stochastic kernet y, respectively.

Given the initial state X, = x, and a policy x € I, the corresponding state,
action and history processes, {X,}, {4,} and {H,} respectively, are random
processes defined on the canonical probability space (H,,, #(H_), #7) via the
projections X,(h,) := x,, A,(h,,):= a, and H,(h,):= h,, foreach h, = (x, aq, ...,
Xy, 4y, ... ) € H, where &7 is uniquely determined; see Arapostathis et al. (1993),
Bertsekas/Shreve (1978), Hinderer (1970), Hernandez-Lerma (1989). The corre-
sponding expectation operator is denoted by EX. The following notation will also
be used in the sequel: given Borel spaces B and D (see Arapostathis et al. (1993)),
then a) P(B) denotes the set of all probability measures on B; b) P(B|D) denotes
the set of all stochastic kernels on B given D.

3 The Stochastic Control Problem

Our interest is in measuring the performance of the system in the long run, i.e.,
after a steady state regime has been reached. A commonly used criterion for this
purpose is the expected long-run average reward, where the stochastic nature of
the stream of rewards is itsell averaged by the use of expected values; see
Arapostathis et al. {1993). Thus, we have the following definition.

Expected Average Reward (EAR ): The long-run expected average reward ob-
tained by using n € I, when the initial state of the system is x € 8, is given by
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N

i o
.\Ax. ﬂ.v = :“._lnh\‘ﬂ‘umh hnMn_ lk: .h_v s Aw:

and the optimal expected average reward is defined as

J*(x) = sup {(J(x, m)} . (32)

xell

A policy n* € Il is said to be EAR optimal if J(x, n*) = J*(x), for alt x € S.

Remark 3.1: In (3.1) above, the limit superior could also have been used, instead
of the limit inferior. Aithough both alternatives are equivaient under some
additional conditions, see Theorem 7.2 in Cavazos-Cadena (1991), in genera] the
behavior of the inferior and superior limits is distinct, see pp. 181--183 in Dynkin
and Yushkevich (1979).

Remark 3.2: In choosing the limit inferior, we are embracing a conservative
philosophy, in that we choose to maximize the worst expectations for the gains.
That is, the limit inferior has the economic interpretation of guaranteed rewards,
even if the (long) horizon is not known in advanced, or if the termination point
is not determined by the decision-maker. On the other hand, the limit superior
assumes a bolder, more optimistic position, in that what is being maximized is
the best expectation of the gains. This criterion is rarely considered, since it
makes sense only if the decision-maker has control on when to stop the pro-
cesses.

Our analysis will be carried out under the following asumption, which among
other things guarantees that the expected value in (3.1) above is well defined, and
that EAR optimal stationary policies exist.

Assumption 3.1: Lyapunov Function Condition (LFC). There exists a function
¢:8 — [0, o), and a fixed state z* such that:

(1) Foreach(x,a)e K,

Lirix,a)l + Y pe,@f(y) < £(x);

y#z*

(i} For each x € §, the mapping f — EL{¢(X)} =Y, s Px ,(S(x))2(p), is con-
tinuous in f € Igp,;
(iii) For each f e Ty, and x €S,

E{{/(X)U[T > n]} 2.0,

Ao
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where T .= min{m > 01X, = z*} is the first passage time to state 2%, and 1[4]
denotes the indicator function for the event 4. O

The LFC was introduced by Foster (1953) for noncontrolled Markov Chains,
and by Hordijk (1974) for CMC, and has been extensively used in the study of
denumerable CMC with an EAR criterion; see Arapostathis et al, (1993), Section
5.2. Furthermore, Cavazos-Cadena and Hernandez-Lerma (1992) have shown
its equivalence, under additional conditions, to several other stability/ergodicity
conditions or the transition law of the system. There are two main results
derived under the LFC: a) EAR optimal stationary policies are shown to exist,
and such policies can be obtained as minimizers in the EAR optimality equation
(EAROE); and b} an ergodic structure is induced in the stream of states/rewards.
We sumarize these well known results in the two lemmas below.

Lemma 3.1: Under Assumptions 2.1 and 3.1, there exist p* € R and h; § — R such
that the following holds:

(i) J*(x} = p* Vx€§;
(i} [ROCH < (1 + 2(z%)-2(°);

(iii) The pair (p*, h(-)} is a (possibly unbounded) solution to the EAROE, i.e,

p* +h(x}=sup|r(x,a)+ } p, fa)h(y)] Vxe$§ ; (3.3)

ag A yeS

{tv) For each x € §, the term within brackets in (3.3) is a continuous function of
a € A, and thus it has a maximizer f*(x) e A. Moreover, the policy f* e I,
thus prescribed is EAR optimal.

Proof: For a proof of results (i), (iii), and (iv) see Arapostathis et al. (1993),
Cavazos-Cadena and Hernindez-Lerma (1992), Hordijk (1974). On the other
hand, the result in (ii) is essentially contained in the proof of Theorem 5.1 in
Hordijk (1974); see especially Lemmas 5.3-5.7. However, we have not found an
explicit statement of this inequality, and thus we provide one next. As shown in
the above references, A(-) can be defined as

?
hix) = EL° M (X A)— p) |, xes |

where T is as in Assumption 3.1. Observe that by iterating the equation in
Assumption 3.1 (i) we get, for each x € §,
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T-1

B | Y (r(X,4) + 1) | <4(x),xeS . (3.4)
t=0
Therefore,

r-1
(h(x)i < EL .Mo (Ir(Xe, A + 1p*1)

T-1
U+ 1p*DE | Y (X, A+ 1)
=0
<{l+1p*Df(x) (3.9
where the third inequality foliows from (3.4). Now observe that

o BN r(X, 49]
g CAT I

which follows from the theory of renewal reward processes (see Ross (1970)):
under the action of f*, successive visits to the state z* determine a renewal
process; see also Hordijk (1974), pp. 41-42. Then using (3.4) with x = z*, it
follows that

N *
_Em@_ﬂqm%: v

z*

since T = 1. Combining this inequality with (3.5), we obtain the desired result.
O

Lemma 3.2: Let Assumption 3.1 hold.

(1) Let x € S and = e IT be arbitrary. Then:

1
4 — 0.
— H_mu_” (X21,2,

(it} Let x € S and n € Il be arbitrary. Then, for T as in Assumption 3.1,

1 < E}[T] < ¢ix)
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In particular, for every stationary policy f € [;,, the Markov chain induced
by f has a unique invariant distribution g, € P(S), such that:

= s 1 oo,
ar A N

%

moreover, the mapping f — g,(z*) is continuous on f € ITg,,.
{iii) For each f e Iy, the following holds:

L, .
Te 15 L X S | 2 B 4 SON

and

: M rXo f(X)) 2, X arr(y, S PL - as.

n+ —.nc ._le_mw

(iv) Lety € Igg. The Markov chain induced by y has a unique invariant distri-
bution g, € P(S), and:

— n
E? X, A)| = r'(y) .
nt+l -~ .M,A w ._égwmﬁs by

and

1 n
X,A4) — rf(y), #! —as. ,
i B T a0

where

r'(y):= | r(y a)ydalx) .
A

{v) Let W e €(K) be such that |W| < |r| + L, for some positive constant .h.
Then (L 4 1)-£(-) is a Lyapunov function corresponding to W, i.e, it satis-
fies Assumption 3.1, with W(-, ) taken as the one-stage reward function.
Furthermore, there exist p% € R and hy: 8 — R such that:



96 R. Cavazos-Cadena and E. Fernandez-Gaucherand

B

P+ hy(xy = sup | W(x,a) + ¥, po,(@hu(p) |, ¥xeS ,

a2 A ye8S

that is, (%, hw(*)) is a solution to the EAROE, for the CMC with reward
function W(-, -).

Remark 3.3: The result in Lemma 3.2 (i) is due to Hordijk (1974); see also
Cavazos-Cadena (1992). For the results in Lemma 3.2 (ii), see Lemma 5.3 and
the equivalence between conditions L, and L, in Cavazos-Cadena and Hernandez-
Lerma (1992); sce also Theorem 5.8 in Arapostathis et al. (1993). On the other
hand, the convergence results in (iii) and (iv) can be easily derived by using the
theory of (delayed) renewal reward processes; see Theorem 3.16 and the remarks
on pp. 53-54 in Ross (1970). Finally, by applying Lemma 3.1 to the reward
function W({, -), the result in Lemma 3.2 (v) follows immediately.

4 Sample Path Optimality

The EAR criterion of (3.1)-(3.2) is commonly used as an approximation of
undiscounted optimization problems when the planning horizon is very long.
However, this criterion can be grossly underselective, in that the finite horizon
behavior of the stream of costs is completely neglected. Moreover, it can be the
case that EAR optimal policies not only fail to induce a desirable (long) finite
horizon performance, but that the performance actually degrades as the horizon
increases; see examples of this pathology in Flynn (1980). Thus, stronger EAR
criteria have been considered, see Arapostathis et al. {1993), Cavazos-Cadena
and Fenandez-Gaucherand (1993), Dynkin and Yushkevich (1979), Flynn (1980)
and Ghosh and Marcus (1992). Also, weighted criteria, which introduce sensitiv-
ity to both finite and asymptotic behaviour, have been recently introduced, see
Fernandez-Gaucherand et al. (1994), and references therein.

If there exist a bounded solution {p, h(-)) to the optimality equation, i.c., with
h(-) a bounded function, then EAR stationary optimal policies derived as maxi-
mizers in the optimality equation have been shown to be also (strong} average
optimal and sample path optimal, ie., the long-run average of rewards along
aimost all sample paths is optimal; see Arapostahis et al. (1993), Dynkin and
Yushkevich (1979), Georgin (1978), and Yushkevich (1973). Undoubtely, sample
path average reward (SPAR) optimality is a much more desirable property than
just EAR optimality, since a policy has to actually be used by the decision-maker
along nature’s selected sample path. However, bounded solutions to the opti-
mality equation necessarily impose very restrictive conditions on the ergodic
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structure of the controlled chain; see Arapostathis et al. (1993), Cavazos-Cadena
(1991), and Fernandez-Gaucherand et al. (1990). Under the conditions used in
this paper, the solutions to the optimality equation obtained in Lemma 3.1 are
possibly unbounded. For similar resuits, but under a different set of conditions
as those used here, see the summary in Arapostathis et al. (1993), Section 5.3.
After precisely defining SPAR optimality (see also Arapostathis et al. (1993))

we show in the sequel the SPAR optimality of the EAR optimal stationary
policies in Lemma 3.1 (iv).

Sample _un.:,_ Average Reward (SPAR): The long-tun sample path average re-
ward obtained by = € I, when the initial state of the system is x € §, is given by

1 N

Istx, m) = lim inf zliMo r(X, A} . @.1)

A policy #* € IT is said to be SPAR optimal if there exists a constant p such that
for all x € § we have that:

Jslx, #*) = p, P* — as. ,
while, forall me ITand x e §,
Js(x, m) < B, PF — as.

The constant p is the optimal sample path average reward.

¢.<n present next our main result, showing the SPAR optimality of the EAR
o?.im_ stationary policy obtained in Lemma 3.1 {iv); its proof is presented in
Section 6, after some technical preliminaries given in the next section.

Theorem 4.1: Let Assumptions 2.1 and 3.1 hold. Let f* and p* be as in Lemma
3.1. Then:

3 F*is SPAR optimal, and p* is the optimal sample path average reward.
tiy For all y € Tlg,, we have that

imsup ——— * BT
bz _-nolN‘:LLMb s Fy a.s. .
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Remark 4.1: According to the above result, regardless of the initial state x € S
and policy 7 e TT being used, with probability 1 the limit inferior of the sample
average reward over N periods does not exceed p*, th expected average reward.
Moreovet: .

— N
lim ——— Y r(X,, A)=p*, P —as. ,
o ey By =m0t o

and the limit inferior and the limit superior of sample path average rewards lead
to the same optimal policy and optimal value, when the optimization is re-
stricted to only policies in Hgg.

5 Preliminaries

This section contains some technical results that will be used in the proof of
Theorem 4.1. The next dominated convergence result is similar to that in Propo-
sition 18, p. 232 of Royden {1968), although the latter requires stronger assump-
tions.

Lemma 5.1: Let {v,} = P(K) be a sequence converging weakly to ve P(K). Let
R € €(K) be a nonnegative function such that:

Rdv, — Rdv < @

n—+m

Then, for each € € €(K) satisfying |C(-)} < R(-), it follows that:

Cdv, — Cdv .
K

Ap—~ew
K

Proof: Let & > 0 be fixed, and pick a finite set G < S such that

Rdv<e, (5.1)

Gex A
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where G° stands for the complement of G. Since {v i
phere G st {v.} converges weakly to v, it

Rdv, — Rdv .
n—ex
GxA Gx A

Then, we have that

Rdv, =} Rdv, - Rd —
GeEx A K Gx A c::“.vuu Rx&_t Qxbﬁh{
= Rdv .
Gcx A
Therefore, there exists M € N such that for alln > M
Rdv, <
Gex A heEe (5.2)
and thus
Cdv,— | Cdv| < Cdv, — Cdv| + |Cldv
K X Gx A Gx A Gex A "
+ IC|dv
Gex A
< Cdv, — Cdv| + 2¢ , (5.3)
Gx A GxA

where the second inequality follows from (5.1) and (5.2), together with the fact
::: _Q ‘)l £ R(*). On the other hand, since {v,} converges weakly to v and C(-)
1s continuous, it follows that

ﬁ&fi Q&.
axa el (5.4)

since Q is a finite set. Taking the limit superior, as n — <0, in both sides of {5.3)
and using (5.4), we obtain that
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lim sup Cdv, — Cdvi< 2,
K

h—® X

and the conclusion follows since £ > 0 was arbitrary. 0

Definition 5.1: Let p} be the optimai EAR associated with the reward function
|r|, and set .

d:= sup {1 —q.z*)} . (5.5
feNsp

where g,(-) s as in Lemma 3.2; notice that 0 < § < 1, by Lemma 3.2 (ii). Next,
define Le R as

file
5.6
i (5.6)

r-.‘
W
+

and R € ¥(K) as

[r(x,a)f + L , x#z%acA ;

57
[rix,a)} , x=z*%acA . (57)

Rix, a) ;=

The function R defined above wili play an important role in the proof of
Theorem 4.1. The following result will also be very useful.

Lemma 5.2: Let pf be the optimal EAR corresponding to the reward function R.
Then p} < L.

Proof: Let f € Ig, be an EAR optimal policy for the reward function R. In this
case

PR = Mm g7 (x)R(x, f(x))
= Ma arX)rx, fON + L Y qp(x)
xe Xz
<ot + L1 —gpz%) ,
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where the second equality follows from (5.7), and the inequality from the fact that
pt is the optimal EAR corresponding to |r(-, -)|. Then (5.5) and (5.6) yield that

Iy
1-3

PREpE+LO=06+ <L,

since & < 1. 0

Definition 5.2: The sequence of state/action empirical measures {v.} € P(K) is
computed as follows: for each pair of Borel sets G € #(S) and B e B(A), let

1

WG X B)=
1

Y 1[X,€G, A, eBlneN, .

=0

Remark 5.1: Notice that {v,} is an stochastic process, adapted to the filtration
{o(H,, A,)}, and that v, € P(K). Also, for each W: K — R, we have that

H n
Py .uMo W(X, A)= .ﬁ- Widv, . (5.8)

Next, let §:= S U {0} be the one-point compactification of S, and observe
that v, can be naturally considered as an element of P(S x A). Since § x A is
compact, then {v,} is a tight sequence in P(S x A). The following result, summa-
rized from Borkar (1991), Chapter 5, describes the asymptotic behavior of the
sequence of empirical measures; see also Arapostathis et al (1993), Section 5.3

Lemma 5.3: Let xe8, and necl be arbitrary. Then the following holds for
#;-almost all sample paths: If v € P(S x A) is a limit point of {v,}, then v can be
written as

v={1-au, +ayu, , (59
where 0 < « < 1, and g, p, € P(S x A) satisfy the following:

@) 1,(8 x A) = 1 = p,({o0} x A
(1) g, can be decomposed as

ml{y} x B) = (y) v(Bly) , (5.10)

for each y € S and B € #(A), where i € P(S) and y e P{A|S);
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(iii) if 7 and y are as in (5.10), then 7 is the unique invariant distribution of the
Markov chain induced by y, when y is viewed as a policy in Igz. Thus, we
have that ji = g,, using the notation in Lemma 3.2.

Now, let R(-, ‘) be the function in Definition 5.1, and recall that (L + 1)£(-) is
a Lyapunov function for R(-, *). Let p§ € R and hg: S —+ R be a solution to the
EAROE corresponding to the reward function R(-, -), i.e,

pE + ha(x) =sup| R(x,a) + 3. p, (@)hg(y)|,¥x€S ;

ae A yES

recall that such a solution exists, by Lemima 3.1. Furthermore, by Lemma 3.2 we
obtain that

D Erlhg(x,)] = 0,vxeS nell . (5.11)
n+ i T

Next, define Mandl's discrepancy function ®: K — [0, o), by (see Arapostathis
et al. (1993), Hernandez-Lerma (1989))

D(x, a) = p§ + hglx) — R(x, @) — Y p, (@hg(y), ¥(x,q) €K .

yeS$s

Note that ®{x, @) > 0, for all (x, a) € K and that @(x, a) = 0 if and only if the
action a € A attains the maximum in the EAROE. With the above definitions,
standard arguments show that forecachne Ny, x €8, and n e II,

he(x) 1 .. 1
* R - x x
pR+ 5 = B L R(G 4) + 0K, 4) [+ BiThe(X, )]
1 x
= m..n I—AR Ax + GH&.«_; + n+ —muﬁm_xﬁka+_u”_ »

where the second equality follows from (5.8). Then, we have that (5.11) yields
E? _. (R+ @ydv, | > pR . (5.12)
4

In particular, for any policy y € Ig,,
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Bl )| R+ Py, | 5 o=} q,(NR(y)+ S7y) , (5.13)

n—
K © ye$§

where
R'(y)=1{ Rix,a)y(da|x},xe8S ,
K

with a similar definition for @7, The following technical result will also be used
in the proof of Theorem 4.1; we present its proof in the Appendix.

Theorem 5.1: Let x € S and = € IT be arbitrary, Then for #%-almost all sample
paths {X,(h.), A,(h,)}, h,, € H,, there exists a sequence {n,} = N, with n, - oo
as k — <o, such that the following holds:

(i) {v., } converges weakty to v e P(K);

(ii)

%E+§§E¥%S+§%A (5.14)
X K
O

Remark 5.2: Note that Theorem 5.1 (i) says that v € P(K) = P(8 x A), a stronger

assertion than ve P(S x A).

6 Proof of the Main Result
Now we are ready to present the proof to Theorem 4.1, our main result,

Proof of Theorem 4.1:

(1) By Lemma 3.2 (iii}, we have that

1
=+—-

Mc XL XN, 2 8 aeryn S () = p*, P —as.

ye S
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i.e., when the system is driven by policy f*, the average of the sample path
rewards converges to the optimal EAR, almost surely.

Now, let x € S and n € Il be arbitrary but fixed, and let U € H_ be the set
of sample along which the conclusions in Thecrem 5.1 and Lemma 5.3 ;
are valid; observe that 27 {U} = 1, Select next a sample path {X (h), 4,(h,}},
h, € U, and pick a sequence {n,} € N as in Theorem 5.1; note that {n,}
depends on the sample path selected. Recall that @(x, ) > 0, for any (x, a) €
K, and that|rj < R + &, by (5.7). Then by (5.14) and Lemma 5.1, we get that

rdv, — rdv . 6.1)

A gy oo

On the other hand, by Lemma 5.3, v can be decomposed in such a way that
for all y € S and B € #(A),

v({y} x B) = q,(y) y(Bly) y € P(A|S) .

Therefore, by Lemma 3.2 (iv),

rdv Y gy | riy.ahy(daly)
A

K yeS
=¥ 4,0r'(y)
ye 8
—hm Mlk 4,)
e+ 1 n_no "o ’
and thus
rdv < p* | (6.2)
) 9

since p* is the optimal expected average reward associated with the reward
function (-, ). Since

m "
liminf Y X, A) = liminf | rdv,

e B4+ 1¢S5 R K

<liminf | rdv, .,
k~w X
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then using (6.1) and (6.2) it follows that

m n
limi X *
Th\=+_.mb; o A) < p*

Therefore, the conlusion follows since the sample path {X,(k,), 4,(h,)}
h,, € U, was arbitrary, and 2 {U} = 1. e
(ii) This follows inmediatly from (i) and Lemma 3.2 (2i)—~(iv). 0

Appendix: Proof of Theorem 5.1

Let x € Sand n e I be arbitrary but fixed. Notice that (5.12) and Fatou’s Lemma
{see Royden (1968), p. 231} imply that

P 2 Exl liminf | (R + ®)dv, | . (A1)

L Rud- 3 K

Next, let V = H,, be the set of sample paths along which the conclusions in
Lemma 5.3 are valid, and observe that #*{¥V'} = 1. Now select and fix arbitrarily
a sample path {X,(h,), 4,(h,)}, h,, € V, and pick a sequence {m,} € N such that
(e.g., see Royden {1968}, p. 36),

lim R+ @y, =liminf | (R + Py, . (A.2)

@ Liad:] X

Taking a subsequence if necessary, we can assume that {v, } converges weakiy
tov={(l —a)y; + au;, e P(S x A), where 0 < a < 1 and y,, g, are as in Lemma
5.3. Now let G = 8 be a finite set, chosen arbitrarily except that z* € G. Define
R; and &; in (S x A) as foliows:

Rix,a) , (x,a)eG x A ;
L, (x,a) e (8\G) x A,

Rs(x, a): (A3)

and

D(x,a), (x,a)eCG x A ;
0, (x,a) e (8\G) x A .

Piix, a): (A4)
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Therefore, we have that
0 < Rgl(x, a) + Pglx, a)T R(x, a) + &(x, a} ,

as G increases to S. Thus, by the weak convergence of {v,, } to v, (A.3)-(A 4}, and
since Rg + @ € €(S x A) is a bounded function, we obtain that,

H

liminf | (R + ®)dv, = lim | (R + $)dv,,
K

L K ng®

[\

fim (Rg + Bg)dv,,

m=wo JSx A

= | (Re+ @e)dv
SxA
=(1-a)| (Rg+Pgldu, +a (Rg + ®g)dp,;
K {o)x A
={t —a)| (Rg+ Pg)du, + al . (A.5)
K

Now, let G increase to S. In this case the Monotone Convergence Theorem and
{A.5) yield that

lim (R+ @)dv, =2(1 —a) | (R+ P)dy; +al. . (A.6)
3

@ K

To continue, as in Lemma 5.3 (i), let 4, be decomposed as,

iy ({y} x B) = q,(»)-y(Blyrye P(A[S) .

Then, straightforward calculations yield that

(R+ &)y = ), q,(NR' (N + LGN =p} (A7)
 §

yeS

where the second equality foltows from {5.13). Hence, combining (A.6) and (A.7),
it follows that
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lim | (R+ ®)dv, = (1 —a)p} +aL . (A.8)
ny K

Since by Lemma 5.2 p§ < L, (A.8) and (A.2) yield that:

liminf | (R + ®)dv, = p} ; (A.9)

Ao 8

Note that (A.9) has been established for an arbitrary sample path {X,(h,), A4,(h.)}},
h,, € V. Since #7{V} =1, we have that (A.9) holds # -almost surely; this to-
gether with (A.1) yields that

liminf | (R + ®)dv, = pX, #T — as. . (A.10)
K

Ao

Hence, by (A.8) and since pf < L, a above must be zero, ie., ,?..L converges
weakly to u, € P(S x A).

Let W be the set of all sample paths for which (A.10) holds; notice that
Pi[(Wn V] =L Then, for each sample path {Xh,), Afh.)}, hoe WnV,
equality is attained in (A.8). Thus choosing a sequence {v, } which converges
weakly to ve P(S x A) and satisfying (A.2), the following holds:

(i) {v, } converges weakly to v = u, € P(S x A); and
(ii)

lim | (R + ®)dv, = liminf | (R+ ®)dv,

Mmoo JK Lind-d) K

1
=
%

(R + P)dy, ,
K

where the second equality follows from (A.7).

In conclusion, it has been shown that for any sample path {X,{h,), A.(h, )},
h, € WV, there exists a subsequence {v,, } satisfying th conclusions in Theo-
rem 5.1. Since Z7{W n ¥} = 1, the proof is complete. ]
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