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Abstract: This paper studies discrete-time nonlinear controlled stochastic systems, modeled by
controlled Markov chains (CMC) with denumerable state space and compact action space, and
with an infinite planning horizon. Recently, there has been a renewed interest in CMC with a
long-run, expected average cost (AC) optimality criterion. A classical approach to study average
optimality consists in formuiating the AC case as a limit of the discounted cost {DC) case, as
the discount factor increases to 1, ie., as the discounting effect vanishes. This approach has been
rekindled in recent years, with the introduction by Sennott and others of conditions under which
AC optimal stationary policies are shown to exist. However, AC optimality is a rather underselec-
tive criterion, which completely neglects the finite-time evolution of the controlled process. Our
main interest in thrs paper is to study the reiation between the notions of AC optimality and strong
average cost (SAC) optimality, The latter criterion is introduced to asses the performance of a policy
over long but finite horizons, as well as in the long-run average senze. We show that for bounded
one-stage cost functions, Sennott’s conditions are sufficient to guarantee that every AC optimal
policy is also SAC optimat. On the other hand, a detailed counterexample is given that shows that
the latter result does not extend to the case of unbounded cost functions. In this counterexample,
Sennott’s conditions are verified and a policy is exhibited that is both average and Blackweil
optimal and satisfies the average cost inequality.
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1 Introduction

This paper studies discrete-time nonlinear controlled stochastic systems, mod-
eled by controlled Markov chains (CMC) with denumerable state space and
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compact action space, and with an infinite planning horizon. These models are
a very important class of stochastic decision and control problems, with numer-
ous applications in many diverse disciplines; see Bertsekas (1987), Ross (1983),
Puterman (1994). One optimality criterion often used is the long-run expected
average cost (AC); see Arapostathis et al. (1993). A classical approach 1o study
AC optimality consists in formulating the AC case as a limit of the discounted
cost {DC) case, as the discount factor increases 1o 1, i.e., as the discounting effect
vanishes. This approach has been rekindled in recent years, with the introduc-
tion by Sennott and others of conditions under which AC optimal stationary
policies are shown to exist; see Arapostathis et al. (1993), Borkar (1991), Cavazos-
Cadena (1991a), Cavazos-Cadena and Sennott (1992), Hernandez-Lerma and
Lasserre (1990}, Puterman (1994), Schil (1993), Sennott (1986), Sennott (1989),
Ritt and Sennott (1992). However, the AC criterion is a rather underselective
criterion, since it completely neglects the finite-time evolution of the state/cost
process; see Arapostathis et al. (1993), Fernandez-Gaucherand et al. {1994).
Therefore, it is of much theoretical and practical interest to obtain conditions
under which stonger results than AC optimality can be cbtained.

Our main interest in this paper is to study the relation between the notions
of AC optimality and strong average cost (SAC) optimality, The latter criterion
is introduced to assess the performance of a policy over long but finite horizons,
as well as in the long-run average sense. We show that for bounded one-stage
cost functions, Sennott's conditions are sufficient to guarantee that every AC
optimal policy is also SAC optimal. On the other hand, a detailed counter-
example is given that shows that the latter result does not extend to the case of
unbounded cost functions. In this counterexample, Sennott’s conditicns are
verified and a policy is exhibited that is both average and Blackweil optimal and
satisfies the average cost optimality inequality.

The paper is organized as follows. In section 2 the model is presented. Section
3 defines the stochastic controt problem, with an expected average cost crite-
rion. Section 4 introduces the strong average optimality criterion. In section 5,
the case of bounded cost functions is studied, while unbounded costs are treated
in section 6.

2 The Model

This paper studies controlled Markov chains (CMC) described by the four-
tuples (8, U, %, p>, where the state space S is a denumerable set, endowed with
the discrete topology; the metric space U denotes the control or action set,
Furthermore, for each x ¢ S, a nonempty compact set ¥(x) < U specifies the
admissible actions when the systemis in state x. Let K:= {(x, u)|x e S, u e ¥(x)}
denote the space of admissible state-action pairs, which is considered as a
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topological subspace of S x U. The state transition law is given by p: (x, y, u) ~»
Px.,(u), an stochastic kernel on § given K; see Arapostathis et al. (1993),
Hernandez-Lerma (1989), Puterman (1994},

In addition, to assess the performance of the system, a measurable® (and
possibly unbounded) one-stage cost function ¢: K — R is chosen by the decision-
maker. Thus, at time t € Ny := {0, 1, 2, ...}, the system is observed to be in some
state, say X, = x € 5, and a control/decision U, = u e #(x) is taken. Then a cost
c(x, u) is incurred, and by the next control/decision epoch ¢ + 1, the state of the
system will have evolved 1o X,,, = y with probability p, (). The following is
an standard assumption.

Assumption 2.1:

(i) Foreach x, y € S, the mappings u — ¢(x, u) and u — p,_ ,(u) are continuous
in u e #%(x).
(i1} The cost function ¢: K — R is bounded below. O

The available information for control at time ¢ € N, is given by the history
of the process up to that time H,:= (X,, Uy, X, U,,..., U_,, X,}, which is a
random process taking values in the history spaces H,, given by

H, =8, H:=H_, xK,

and the canonical sample space is given by £, = (S x U)®; see Arapostathis
et al. (1993).

An admissible control policy is a {possibly randomized) rule for choosing
actiens, which may depend on the eatire history of the process H, up to the
present time; see Arapostathis et al. (1993) for a more extensive discussion. Thus,
a policy is especified by a sequence z = {n,},.n, of stochastic kernels 7, on U
given H,, such that for each h, e H,, n,(-|h,) is a probability measure on #(U),
concentrated on #(x). The set of all admissible policies will be denoted by Kl In
the sequel, the class of stationary deterministic policies will be of ﬁmu:.n:_m_.
interest. A policy m eIl is said to be stationary deterministic if there exists a
control/decision function (or selector) f: S — U, such that U, = f(x) e @E. is
the action prescribed by = at time ¢, if X, = x; we may identify such policy = with
the function f. The set of all stationary deterministic policies is denoted as _.-.mu.

Given the initial state X, = x €S, and a policy = eI, the corresponding
state/action and history processes, {X,, U,} and {H,} respectively, are random

*  Given a topological space W, its Borel s-algebra will be denoted by #(W), measurability
will be always understood as Borel measurability henceforth.
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processes defined on the canonical probability space (2, B(Q,), #T) via the
projections X (k) := x,, U(h,) := u, and Hihy) = h,, for each h, = (x, u,, ...,
Xp Hy .. ) € Q2 where 2] is uniguely determined; see Arapostathis et al, (1993),
Bertsekas and Shreve (1978), Hernandez-Lerma ( 1989). The corresponding ex-
pectation operator is denoted by E%,

3 The Stochastic Control Problem

Our main interest in this paper is to study the relation between the notions of
AC optimality and strong average cost (SAC) optimality. The latter criterion is
introduced to asses the performance of a policy over long but finite horizons, as
well as in the long-run average sense. The standard approach to study the AC
stochastic control problem as a limit of the discounted cost (DC) problem will
be followed; see Arapostathis et al. (1993). The criteria that will be used in
subsequent developments are given below.

Discounted Cost (DC): For a discount factor 0 < a < 1, the DC incurred by
7 € I, when the initial state of the system is x € 8, is given by

Valx, n):= lim EX| ¥ a'c(X, U)|,

Ao =0
and the optimal z-discounted value function is defined as

VA(x):= inf {¥(x, n)} . 3.1

xell

A policy n € I is said to be DC optimal, for the discount factor a, if V{x,n) =
VA (x), forall x e S.

Under Assumption 3.1 below, ¥*(-) satisfies Bellman’s Optimality Equation
falso called the discounted cost optimality equation (DCOE)), ie.,

Vrxd= iof {elxu)+a Y p. ,)V*(y);, VxeS; (3.2)

e W(x) yeS§

see Arapostathis et al. (1993), Bertsekas (1987), Bertsekas and Shreve (1978),
Hernandez-Lerma (1989), Puterman (1994).
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Assumption 3.1: Foreach x € §, V.*(x) < w. O
Total Expected Cost Over Finite Horizons (FHC): The total expected cost

incurred by the policy n € IT over a planning horizon of n € N stages, when the
initial state of the system is x € S, is given by

Voix, m) = EX| ¥ eX, U)|, (3.3)

=0
and the optimal n-horizon value function is defined as

VX (x) = inf {¥,(x,n)} . (3.4

neil

From Assumptions 2.1 and 3.1 if follows that ¥*(x} is finite for each x e S.
Moreover, there exists an n-horizon optimal policy n* e I, ie.,

Vilx, =3} = B (x) , (3.5

see Arapostathis et al. (1993), Bertsekas (1987), Bertsekas and Shreve (1978),
Hernandez-Lerma (1989), Puterman {1994).

Average Cost: The long-run expected average cost obtained by n € Il, when the
initial state of the system is x € S, is given by

J(x, 7} := lim sup ! EZ =M_ (X, U1, 3.6)

ke H =0
and the optimal expected average cost is defined as

J¥(x) = inf {J(x, m)} . (3.7

xc

A policy n € I is said to be AC optimal if J(x, r) = J*(x), forall xe S

Remark 3.1: In (3.6) above, the limit inferior could also _::.w been used, instead
of the limit superior. Although both alternatives are equivalent ::.aa_. some
additional conditions (see Theorem 7.2 in Cavazos-Cadena (1991.a)), in general
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the behavier of the inferior and superior limits is distinct; see Dynkin and
Yushkevich (1979), pp. 181-183. Moreover, in choosing the limit superior, a
conservative philosophy is being embraced, in that what is chosen to be mini-
mize is the worst expectations for the costs. In addition, the limit superior has
the economic interpretation of guaranteed expected minimal costs, even if the
(long) horizen is not known, or if the termination point is not determined by the
controllier or decision-maker.

A classical approach to study average optimality consists in formulating the
AC case as a limit of the DC case, as 2 T 1, i.e, as the discounting effect vanishes;
see Arapostathis et al. (1993) and references therein for a comprehensive discus-
sion on the subject. This approach has been rekindled in recent years, with the
introduction by Sennott and others of conditions under which AC optimal
stationary policies are shown to exist; see Arapostathis et al. (1993), Cavazos-
Cadena and Sennott (1992), Hernindez-Lerma and Lasserre (1990), Gatarek
and Stettner (1990), Puterman (1994), Sennott (1986), Sennott (1989), Schil
{1993). Our analysis will be carried out under the set of assumptions introduced
by Sennott (1986), Sennott (1989), which are minimal with respect to several
other competing assumptions; sec Cavazos-Cadena and Sennott (1992). In par-
ticular, the assumptions in Ghosh and Marcus (1992) imply those in Sennott
(1986}, Sennott (1989). Hence, in addition to Assumptions 2.1 and 3.1, the
following assumptions will be used in the sequel.

Assumption 3.2:
(i) There exists z* € S, f € (0, 1), and N € [0, o0} such that for all a (8, 1),
h(x):= V*x) — V*(z*) = —N, ¥xe8 . (3.8)

(i)} There exists a function b: § -+ [0, o) such that h,(:) < b(-), for all 2 € {f, 1),
and furthermore Yy, p, (1)b(y) < oo, for some (x, u) e K. O

The main resuits denving from the above assumption are summarized below;
for a proof see Arapostathis et al. (1993), Cavazos-Cadena (1991.a) - Cavazos-
Cadena (1991.b), Puterman (1994), Sennott {1986), Sennott (1989).

Lemma 3.1; Let
pui= (1 = VA%, (39)

for a € (0, 1). Then under Assumptions 2.1, 3.1-3.2, the following holds.
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(i) There exists p* € R such that
p* = J*(x), Vxe§ .
(i1} Moreover,

lim p, = p*
at1

(i) There exists h: § — R, with — N < h(-) < b(-)}for all x € S, such that the AC
Optimality Inequality (ACOI) holds:

p* +h(x)= inl |cx,u)+ ¥ p. wh(y) | . (3.10)

ue ¥(x) yeS

(iv} Foreach x € §, the term within brackets in (3.10) is a lower semi-continuous
function of u € %(x), and thus it has a minimizer f*(x) € %(x). Moreover,
any policy f* e Iy, attaining the minimum in the ACO! is AC optimal.

Remark 3.2: Assumptions 3.1-3.2 impose restrictions on the cost and prob-
abilistic structure of the model in an indirect way, since these are given in
terms of the derived quantity ¥,*(-). Therefore, every attempt at verifying these
assumptions must study in detail the cost and probabilistic structure, and per-
haps impose further assumptions. In the literature, assumptions 3.1-3.2 have
been verified when the cost function has a monotone or quasi-monotone strue-
ture which penalizes instability, i.e., large deviations from the special state z*; see
Arapostathis et al. (1993), Borkar (1991), Cavazos-Cadena and Sennott (1992),
Puterman (1994), Sennott (1989), Weber and Stidham (1987). Furthermore, the
inequality in (3.10} is in general strict; see Cavazos-Cadena (1991.b).

Remark 3.3: As mentioned before, the limit inferior could be used instead of the
limit superior in (3.6} However, under assumptions 2.1{i), 3.1-3.2, and if in
addition the cost function c(-, ) is bounded, then both average criteria are
equivalent, as shown in Cavazos-Cadena {1991.a). Furthermore, in the latter
situation average optimal policies are also asymptotically optimal, in the sense
of Dynkin and Yushkevich (1979); the same result is also true when ¢(-, -}is a
quasi-monotone function, and other mild conditions are satisfied; see Ghosh
and Marcus (1992},
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4 Strong Average Optimality Criterion

Flynn (1980) introduced the following criterion for problems with long finite
horizons, which was aiso used by Ghosh and Marcus (1992).

Definition 4.1: A policy n* € ITis said to be strong average cost (SAC) optimal if

lim su !
.sav n+1

[Vix, 2% — ¥*x)] =0, VxeS. @.1)

Notice that since [¥,(x, n*) — ¥,*(x)] = 0, then (4.1) can be equivalently formu-
lated as:

L [V(x, n*) — V*(x)]— 0, VxeS§S. (4.2)
n+1l n—o

Thus, a policy #* € IT is SAC optimal if the difference between the average
cost for horizon n incurred under n* and the optimal average cost for horizon n
vanishes as n — co. This property thus ensures that n* is a policy inducing good
performance for long but finite horizons, which is indeed a very desirable prop-
erty to look for in infinite horizon average optimal policies. Notice that every
policy that is SAC optimal is also AC optimal:

hm alw_ﬁf_ﬁ_\._.g — Wl af]=0

. 1
= limsup P

[Vix, 7)) — V,(x,n%)] =2 0 VxeSnell. 43)

However the opposite is not necessarily true; see Flynn (1980), Ghosh and
Marcus (1992). Therefore, in the sequel we study the following.

Question: Is an arbitrary AC eptimal policy also SAC optimal under Assumptions
21and 3.1-3.27

We will show that the answer to the above question is affirmative, when the
one-stage cost function is bounded. However, for unbounded cost functions, a
counterexample is provided which shows that the answer is negative, in general,
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and in particular for a policy as in Lemma 3.1(iv). A related study to the
question above is Ghosh and Marcus (1992), where SAC optimality was shown
for every AC optimal pelicy, under conditions stronger than those used in the
sequel.

Remark 4.1: Related optimality criteria are those of the overtaking cost (OC)
type; see Fernandez-Gaucherand et al. (1994), Puterman (1994). A policy n* may
be said to be average OC optimal if:

lim inf .—T i {Vix,n) = Vix,z*)] =20, VxeS,neH . (44)
n—+on n

Clearly, (4.2} implies (4.4), and thus SAC optimality is in general a more selective
criterion than average OC optimality.

5 Bounded Costs Case

The following result is similar to results in Ghosh and Marcus (1992), but here
it is proved under a different set of assumptions; this result will be fundamental
to prove the main result in this section.

Lemma 5.1: Suppose that the one-stage cost function c(-, *) is (uniformly)
bounded in K. Then, under Assumptions 2.1, 3.1-3.2, the following holds:

W) e vxes . (5.1)
nt 1w

Proof: Let B €40, 1} be as in Assumption 3.2, and pick x e (f, 1). The DCOE
(3.2) can equivalently be written as (see Arapostathis et al. (1993), Hernandez-
Lerma (1989)),

Pa + h(x)= inf Se(x, ) +a Y p, (Whin,  VxeS,

ue ¥(x) ye§

where h,(-) and p, are as in (3.8) and (3.9), respectively. Then, for every (x, #) e K
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it follows that

Pyt hy(x) < clx, u) + « Mm Ps,,(uhh(y) (52)
Then, by {3.8),
SN ehpge 2l o
1 -«

where |c|| := max{|c(x, w)||(x, u)e K}, which is finite by the boundedness
assumption. Therefore, defining h,(-) := h,(-) + N, it follows that

i 2|

0<h(x)<

I

+N<w. (5.3)

| —a
Moreover, it is not difficult to see that (5.2) is equivalent to the following

pa— Nl -+ h(xy<cx,w)+a Y p Wh(y,

yeS

and since h(-) = 0, this last inequality implies that

pe— N(L—a} + h(x) < clx, ) + Y pe h(y),  Vix,uweK .

ye§

Then, using standard arguments (see Arapostathis et al. (1993), Hernandez-
Lerma {1989), Ross (1983), Sennott (1986), Sennott (1989)), it follows that

R BIELoctX, U] | Eilh(X,.)]
n+ 1

Pa— Nl —) +

n+1 n+1

for all xe §, n e T, and n e N. Using the policy n* in (3.5), (5.3) and the above
inequality vield

) Vrx) 2{jc] N
SR AP E e A e TR
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and taking the limit inferior in both sides as n -+ oo, it follows that

TP A 69
—Nl-w=<l =,
p.— Nl -0 < _H_.U_. Wil

and then letting a T 1, Lemma 3.1(11) yields that

‘*
p* < lim W:MWAH—V . (5.4)

Now let /* € Tlg, be the policy in Lemma 3.1{iv), then

p* + h(x) = clx, fHx) + X pe S ¥Ry, VxeS.

-]

A simple induction argument then gives that

h{x) . 3.0 c(X, U] + EL"[h(X,.1)]
n+1 n+1 n+1

P+

From the above, together with (3.3), (3.4} and (3.8), it follows that

hx) V) N

* Vxes, N
u+=+_|=+_ n+41’ xesmne
Therefore, one obtains that
. V*{x}
* > | L= 5.5
pt 2 limsup ~=g (5.5)
Thus, the result follows by combining (5.4) and {(5.5). O

The following is the main result of this section, which gives a positive partial
answer to the question posed in Section 4.

Theorem 5.1: Suppose that the one-stage cost function (-, -) is ?E?:.:.g
bounded in K. Then, under Assumptions 2.1, 3.1-3.2, every AC optimal policy
is SAC optimal.
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Proof  Let n* € IT be any average optimal policy. Hence, for each x € §,

: Valx, %)
limsup >~

=J*(x) = p* , 56
msup - x)=p (5.6)

by Lemma 3.1(i). On the other hand V,{x, =*) > V.*(x), and thus

*

Vi (x, n*) )

.vui
liminf %" > liminf 7= % _
A norl o N+1

by Lemma 5.1. The last inequality and (5.6} combined give that

w\. »
W) e yxes 57
n+1 e

Finatly, from (5.1) and (5.7) it follows that

*y x
) B
n+ 1 no

Thus n* is strong average optimal. O

6 A Counterexample for the Unbounded Costs Case

In this section an example is given showing that the result in Theorem 5.1 does
not extend to the case of unbounded one-stage cost functions. In particular, a
policy as in Lemma 3.1(iv) is exhibited, which is not SAC optimal. This exampie
expioits the fact that Assumptions 3.1-3.2 involve the one-stage cost and the
probabilistic structure of the controlled Markov chain only indirectly, ie.,
through the derived quantities ¥,*(-), but no explicit conditions are given on the
primary model parameters ¢(-, ) and [ Px,y(w)]. In the literature, e.g., Borkar
(1991), Sennott (1986), Sennott (1989), Weber and Stidham (1987), explicit con-
ditions have been imposed on ¢(-, -} and [p:.,(u}} in order to verify Assump-
tions 3.1-3.2; see also Cavazos-Cadena and Sennott (1992). In Ghosh and
Marcus (1992) explicit conditions, which imply Assumptions 3.1-3.2, were
imposed on ¢(-, *)and [ p, ,(u}] to show SAC optimality of AC optimal policies.
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Example 6.1: Consider a CMC with state space § = N,. To specify the other
components of the model, let § € (0, 1) be fixed, and select a sequence {t.}) = N,
such that

@ 0=ty <t, <t,<-,and

(b)

K+
>k M{. ke N
o B*

5=

Next, set U = {0, 1} (endowed with the discrete topology} and define the action
set, the cost function and the transition law as follows:

() for x #t,, ke Ny, let #{x):= {1}, c(x, 1) := 0, and p, ,,,(1}:= |; whereas
(1 +1)
(i) for x=1,, keNy, let #(t):=1{0,1}, cft,, 0} =e(t,, )= J%’. and

h_r.cAou =1 Pr.T:L: = [.

Note that ¢(0, u} = 1, for u = 0, 1. Thus, in state X, = x # t,, k € N, the only
available action is U, = 1, which produces a state transition to X,,, = x + 1,
at no cost. On the other hand, when X, = ¢,, for some k € Ny, both actions
are available: U, = 0 produces a state transition to X,,, =0, and U, =1 to
(1 +1,)

g

In the example above, Assumption 2.1 clearly holds. Furthermore, we will
show the Assumptions 3.1-3.2 are also satisfied. To accomplish this, let f, and
fi be stationary policies given by

X1 = 1+ t;; in either case the cost incurred is c(t,, U)) =

fultd) = 0; fik)=1, keN,. 6.1)

Thus, under action of policy fj, the state z* = 0 is absorbing, and it is clear that

1
KO, fo) = - 62)

and, forke N,

Valtis fo) = clte, 0) + 2¥,(0, ;)

- _(M_,:.T : mn (6.3)
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More generally, if the initial state x € N is such that t, < x < t,,,, then under
the action of policy f, no cost will be incurred until state ¢, ,, is reached, which
occurs after (t,,, — x} time periods. Therefore, one obtains that for t, < x < 1,,,,
ke Ng,

Valx, fo) = 2™ ™9 (811, fo) - (6.4

The proof of the following result is rather technical, and is given in the Appendix.

Proposition 6.1: For each « € (§, 1), the policy f; in (6.1) is DC optimal for the
CMC in Example 6.1.

Proposition 6.2: For the CMC in Example 6.1, Assumptions 3.1-3.2 are satis-
fied. In addition, the policy f; in (6.1) is both AC and Blackwell optimal, and
attains the minimum in the ACOI.

Proof: Assume that o € (8, 1). By (6.2)—(6.4), and Proposition 6.1, we have that,
for all x € N,

Vrx)=Vix fo) <o,

and hence Assumption 3.1 holds. To verify assumption 3.2, set z* = 0. Since
0 < t, < t,4y, then from (6.3} it follows that

Valty, fo) < Veltyoy, fo)
which together with (6.4} shows that ¥,(-, f,) is increasing in x € N,. Hence
AHx) - VA0 20,  ae(B, 1), xeN,

Therefore, Assumption 3.2(i) holds with z* = 0 and N = 0, for the CMC in
Example 6.1.
New, from Proposition 6.1 and (6.2)-(6.4), it follows that, for « € (8, 1),

0< KMo - ¥*0) < bx) ,
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where the function b: N, - (0, o) is defined as

L+ 4y

@A.Xvn"[hir.f‘.. e € X <fyyys kMZD

Since one always has that

Y P, wb(y) <BO) + bix + ) < w

yeNo

Jor all (x, u}e K, then b{-) satisfies Assumption 3.2(ii) (actually, it satisfies a
stronger version of this assumption, see Puterman {1994), pp. 415-420). Thus
both Assumptions 3.1 and 3.2 are satisfied for the CMC in Example 6.1.
Finally, since f, is DC optimal for all « € (8, 1), i.e,, it is Blackwell optimal (see
Arapostathis et al. (1993), Bertsekas (1987)) then it is also AC optimal, and
moreover it satisfies the ACOI (actually, it satisfies (3.10) with equality); see
Arapostathis et al. (1993), Cavazos-Cadena (1991.a), Puterman (1994), Sennott
(1986), Sennott (1989). (]

Proposition 6.3: For the CMC in Example 6.1, and the policy f, in (6.1), the
following holds:

Iim sup E

=1. 6.5
n-x :+_ A v

Therelore, f; is not SAC optimal.
Proof: Since state z* = 0 is absorbing under f; and ¢(0, 0) = 1, then clearly

E”_ nel
n+l ’ ’

and thus (6.5) is equivalent to

*
liminf O _ o | (6.6)
e R+ 1

To verify (6.6), set n, :=t, — |, ke N, and consider the policy f; in (6.1}. ivn.:
the system is under the control of policy f;, then the state increases by one unit
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in every step. Then, it follows that

y

Y e, f,(1)

=0

I

—\..._.AO._ .\.;

k—1

=3l )

s=0

where the second equality follows from the definition of the cost function, and
the inequality is due to part (b) in Example 6.1. Therefore, we have that

00 1
Ton+ 1 k k-w

and thus
L A
lim ini - _uminf 2~
n~m N+ D aam M+ 1
—\: Ou
< lim ::.I_.th =0,
m-w M+ 1
which yields (6.6), since ¥,*(0} = 0 given that c(-, -) > 0. O

In summary, it has been shown that the CMC in Example 6.1 satisfies As-
sumptions 2.1, 3.1 and 3.2, but the AC optimal policy f, is nor SAC optimal.
Furthermore, it is not difficult to verify that, for all x & Ng,

W\:AH_ .\.OV _

I
n+il e

’

and that

fiming 2D _ g 6.7)
nom n+1
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and thus

lim sup — ar T !

Remark: In addition, (6.7) shows that using the limit inferior or superior in the
definition of the AC criterion does not lead to equivalent criteria, answering in
the negative a question posed in Cavazos-Cadena (1991.a),

Appendix: Proof of Propesition 6.1

Let « € (8, 1) be fixed, and let f,* € Iz, be an arbitrary stationary DC optimal
policy for the discount factor a; see Bertsekas (1987), Bertsekas and Shreve
(1978), Puterman (1994). For each k € N, define

my := min{s > k| f*(t,) = 0} . (A.1)

Note that the statement fy = £.* is equivalent to £*(t,) = 0, for all k € N, which
in turn is equivalent to

mo=k = VkeN,, (A2)

which we verify in the sequel. The proof of (A.2) is divided into three steps.

Step 1. Foreach ke Ny, m, < wo.

This assertion is established by contradiction, as follows: suppose that m, = co,
for some k & Ny. In this case £*(1,) = 1, for all s > k, and starting at state X, = ¢,
the state of the system increases by one unit in every step, incurring in a2 nonzero
cost ¢lt,, 1} when state X, =, is visited after t = t, — ¢, time periods, s = k.
Therefore

I
[~18

Vo) = Voo, L) at ey, 1)

"
i
>

I+
B

Q:-\;v

It
18

Y
i
n

o

[~18

v

l+t)=o0,

1=k
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where the inequality follows since a € (8, 1), Thus, comparing the above with
(6.3}, a contradiction is obtained.

Step 2:my = 0.

This assertion is established also by contradiction, as foliows: suppose that
0 < mg < co. Starting at X, = t, = 0, under the control of policy f,* the state of
the system will increase by one unit every time step, reaching the state X =l
attime ¢, , and resetting to state X, _ ,«1 =0,attime ¢, + 1. Then by wn:Bm: 8
Principle of Optimality (see Bertsekas (1987), Bertsckas and Shreve (1978)) it
follows that

Vr0) = K0 L*)

tmg

3 alelt, fX(0) + a0, £4)
i=0

I

+ 4,
B

+ altme TR Q) |

mg _
Y an
k=0
since c(t, u) = 0, when t # ¢, s € N,. Therefore

(1 st = ¥ (2
&\

I
(1+¢y),
and since « € (f, 1), it follows that
(1 = gma Y PE0) > | 4 l - (A.3)

To conclude, note that

(I = 2l R0} < (1~ a ") K(0, £,)

| — gltmg*1d

1—a

go(l +1¢,.) ,

for some value ¢ e (z, 1), by the Mean Value Theorem: for the first equality see
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(6.2). Then
A— . QE-:_UAI_;—\uiAOw < 1 + n___:c ,

which contradicts (A.3). Therefore m, = 0.

Note that since m, = 0, then [*(0) = 0. Thus, under control of policy f.* if
the initial state is X, = 0, then the state of the system will remain X, =0,and a
unit cost per stage will be incurred; hence

b= Lo (Ad)

1 -

Step 3:foreach k> 0, m, = k.

As before, the proof of this estatement is established by contradiction, as follows:
suppose that m, > k, for some integer k > Q. Under the control of policy f*,
when the initial state of the system is X, = t,, the state of the system will
increase until state X, _ .-t = Im, 18 reached, at time t,, — t,; then the state will
be reset to X, bt = o at time tn, — & + 1. However, between these events
state X, _, = r will be reached at time ¢, — t,, k < s < m,, at which time a cost
{1 + 2.)/B" will be incurred. Therefore, by Bellman’s Principle of Optimality, it
follows that

s
VA= X el 4t S+ 1)) + T IEQ)
2
m (U, 0t}
_ M_, g L H L am T ,
s=k _mq l—a

where the second equality follows from (A.4). Therefore, since o € (f, 1),
follows that

V) > _%m‘. +(1+1,)+ nlz_a\m;n:_
g _\.%.r..a_.. + :ax -4+ wﬁw:“:
R R
nww o= Vit fo)
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where the last equality follows from (6.3). The above contradicts the optimality
of ¥.*(-), concluding our proof. 0
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